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Annomauyuna: Muvinoa Peiic menemecunun acumnmomukacvlh mypey3yy yuyH Kawnol
napamemieumupyy meHoemecu CYHYUmaniobl JHCAHA AHBIH JHCaApOaMvl MEHeH all MeHOeMeHUH
YeYUMUHUN AC UMNIMOMUKACHL I3CENMeIOU.

Aunomayun:  30ecb  Ona ypaewenus  Peiicca  mpednosicena  Hosoe  ypasHeHue
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nojliydeHa Hoeoe acumnmomuvecKkoe npeécmaeﬂeuue PpEULEHUAL. Taxoice npedﬂoofceuo HOo60€
0000wenHoe ypasnenue Peticcan 015 s871eHUS NPLIKCKA .

Annotation: Here, for the Reiss equation, a new equation is proposed for the parametric
representation of its solution. And on the basis of this representation, a new asymptotic
representation of the solution is obtained. A new generalized Reiss equation for the jump
phenomenon is also proposed
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1. BBeaenue.

B [1] amepuxaHckuii MaTeMaTHK Reiss Mpeuioskuil MoJIeIbHOE YPaBHEHMS JJIs1 SIBJICHUS CKauKa

d
% =y2®)(1—y(®),y(0) =¢ (1)

rae 0 < € << 1 — mansiii napametp. [locTpoeHNI0 aCUMNTOTHKH PELICHHS 3TOM 3a/1a4d MOCBSIIECHBI
paborst [1 — 2], [ 8].

31ech mpeaiaraeTcs HoBOE MapaMeTpu3aliis perieHus 5Toi 3amaun. B [8] mpemmoxkena apyras
napaMeTpHu3anus 1 MoxydyeHa AByX 30HHas aCUMIITOTHKA.
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2. Hcropuyeckuii 0030p MeTO1a MapaMeTpU3aluu
U3BECTHO, Y4TO HESBHOE YpPAaBHEHHME OKPYXKHOCTH, X2 + y? = 1 _, €CIIM UX pelaTh SBHBIM
o0pa3oM, TO MOJy4aeTcsl HEIJIAJKOEe pEIIeHHEe, €CIU K€ €ro ypaBHEHHs IapamMeTpu30BaTh, TO
MOJTy4aeM aHAJIMTUYECKOE BhIPaXKEHUS.
Jlyia Bo3My1IeHHBIX nuddepeHInaibHbIX ypaBHEHUH, [0 BUIUMOMY, BIIEpBbIE MapaMeTpU3alus

nepuoandeckoro pemeHus, monyana A.Ilyankape nns ypasaenus Jlypdunra
2

d*y 3
F+ey +y(x) =0 (2)

Jl1st 3TOTO ypaBHEHUS UIIETCS 27 — nepuoauyeckoe pemenue. Ero napamerpudeckoe pemieHne
MO>KHO TMPEACTaBUTh B BUJIC

y(t) = ¥0(&) + ey1 (&) + 2y, (&) + -+ (3)
t=§+ety(§) +e%() + -
e y; ()G =12,..), t()—2n
nepuoandeckue GyHkimu. Ecim ke uckaTh 27 — MEePUOJUIECKOS PEIICHUE B BHJIC
y() = yo(t) + ey, () + 2y, () + -+
TO B BUJ€ (QYHKIIUU
yj(t) G=12..)
MOSIBIISIFOTCS CEKYJISIPHBIE YWICHBI M 3TO Psi/l HE SABJISIETCSI PABHOMEPHO aCUMIITOTHYECKUM PSIIOM.
3arem 1948 rony B [3] anrnuiickuii Mexanuk, u MaremaTtuk J1.2K.JlaliTxumn, BHeC GONbIION BKIIa]
B paszButue Merona Ilyankape. OH paccmaTpuBai, B YaCTHOCTH, CHUHTYJSPHO BO3MYIIEHHOE
ypaBHEHUE

= p()y(x) =r(x) 4)

X
u(l) =y°
rae y° —3anannas nocrosuHas  p(x),r(x) ananutudeckue QyHkuum Ha otpeske [0,1]. Om

(x + eu(x)) d);( )

MMPECIJIONKUI UCKATh MapaMETPUUCCKOC PCHICHUC 3a1aun (4) B BUIC

y(x) =y0(§) + ey1(§) + 2y, (§) + - (5)
y(§) =& +eexy () + e2x,(8) + -
¥ 4TOOBI 3TO pEIIEHHE aBa0 PAaBHOMEPHO NMPHUTOJHOE MpPEACTaBIeHHEe pelleHre 3anaun (4), Ha
orpeske €[&y (), 1], rme €,(0) = 0.
JansHelmee 0600menne Meroaa JlaiTxumia Obut cenad B [ |, e mapaMeTpryeckoe pelieHne
ypaBHEHUS MOJYYEHO U3 IBHOTO ypaBHEHHUE
dy

= "GOO +rx©), v =y,

dx

= X@O+ey@)x() =1 (6)
DT0 ypaBHEHHUsI Ha3BaHa 10 MPEI0KEHUIO
Temmna ynudopmuzoBaHHBIM ypaBHEHUEM /s 3a7auu (4).
[Ipocroit mpumep
(x+ey(0))Z+y@) =0, y(©=b (7)
b —3anaHHas nmocrasiHHasl, AaeT MPEKPACHBIN PUMEpP METOAY NapaMeTpU3aLIUK.
VYpaBuenue (7) permaeTcss TOUHO
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1
y=;\/x2+8(2+£b) 8)
SIcHO, 4TO 3TO pemieHHe cymecTByeT Ha ortpe3ke [0,1]. ACHMITOTHKY pas3IOXKEHHS MOXKHO
MMOJIYYHUTb MCTOAOM HaﬁTXHHHa HJIM MCTOIOM IMapaMCTpU3allun

==&, y@)=b
fd—g =x+ey(®), x()=1
Permast 3agaun (9) momyunm y(&) = g(lO)
x(§) =& +be27h) —e(28)7?

Uckmouas u3 (10) nepemennyro § moryaum TouHoe pemrenue (8) 3amauu (7).

C)

TEIIEPDH Bepuemcss k 3amade Peiica (1). 3a mapamerpu3oBaHHOe ypaBHeHue s (1) Oepem
ypaBHEHUE

2O —y@O(1-y®) ¥ =¢ (1L.1)
‘““) = ((®)", o) =0 (11.2)
Pemas (11.1) umeem
dy 1
y(1—y) [y 1- ]dy “® =
l Y . e =>
n 1=y =¢ =
a-9 _
e(1-y)
(1_8) y=el—-efy =>
(1 ) + ef]y =ef =>
ef get
y(f):ﬁ eE:1—8+eeE (12)
[oncrapnsist (12)B (11.2) u pemas ero
at(§) 1—¢e+ eef _4 1—88_5 -

aé cef =it
1—¢
t(f)=f+T[1—€_£]

TakUM 00pa3oM MapaMeTpuyecKoe npeacrasieHus 3aaaun (1) — (2) npencraBnsiercs B BUIC

) = ge _ 1
e T 1-e+eef 1+el(1-¢g)e ¢

(13.1)

t@) =+ —-ee(1-e7%) (13.2)
u3 (13)BeiTekaet, uro mpu é€[0,0),t —Takxke usmeHsTcs Ha orpeske [0, ). Oyukrusa y(§)
U3MEHSETCS OT € 110 eauHuIbl. ITosTomy 3amada (1) skBuBanenTHO K 3amade (11).
Tak xak

'@ =1+1—-eee¥>0
5
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u3 (13.2) BeiTekaer uto Ha oTpeske [0,00), mepemeHHas tmensiercss Ha mpomexytke [0, ty), rie

—_e—1 -
t0=1+(1 e H(1-¢)

, @ 3aTE€M SKCIIOHTEHIIMAIIBHO OBICTPO MEpPERAET B TOUKY paBHOBecus y = 1.
4. O6o01eHre MOIETTFHOTO YpaBHEeHUs Petica .

PaccmoTpuM ypaBHeHuUs

dy
e yO(1-y®), y0=¢ (14

neN,n > 2. Pemenue 3anaun (14)napamMeTpusyemM CiayIyrOIIUM YPaBHECHHEM

Y ©1-y©), YO =¢ ()

dt

£ = m t(0)=0

Pemras stu 3amaun nmeeM
ce’
y(§) = T e 7 et (16)

E — 1-¢ -éyn-1

T 1+ panl )
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Annotation: A model equation for heat propagation in a sphere with a small parameter is
considered. Using the Green's function method, the complete asymptotic behavior of the solution in
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logarithm of the inverse power of the small parameter is obtained.
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1. BsBenenune

B [1] paccmoTpeHO cnemyroliee MOJIETbHOE YPaBHEHHS UIsl pacIpOCTpaHEHHs TeIia B
cdepe ¢ MaJIBIM TTapaMeTPOM U ¢ 0CO00H TOUKOU

X*y"=eyy', y(0)=1,  y@®=0 1)
1 OblUIa MONBITKA MOJYYUTh ACHMIITOTHUKY IEPBOrO MOPSAKA MO0 MajoMy MapaMeTpy, pelieHHs

9TOro ypaBHCHHA MCTOJOM CpalluBaHUA, 0e3 000CHOBaHMS OLCHKM OCTAaTO4YHOIro 4YJCHaA IIO
7
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MajioMy MapameTpy. 37€Ch MbI MOTYYUM aCUMITOTUKY PEIICHUS STOM 3a/1a4u JII00O0ro Mopsiika 1o
MaioMy napamerpy. CHayalia METOJIOM CpallMBaHUS MOJYYUM ACUMTOTHUKY DPEIIECHUS MEepPBOTro
MOpAIIKa, 3aTeM MeToJ0oM (QyHKIMU ['prHa MONMHYI0 aCUMOTOTUKY PELISHHs 3TOH 3a1a4u.

2. MeTtoa MaJioro napamerpa
Ecnu uckate perieHue 3ToH 3a1a4u B BUJIE

2
y=Y,+ey,+ey, +..., (2)
TOr/a 171 HeonpeaeneHnbix Gynkuui Yo, Y, Y,,...

MOJIy4aeM, CIEAYIONINE 3a1a9n
x*yg =0, ¥.(0)=1,  y,®)=0, (30)

X*Y1 = Yo Yo y,(0)=y,(1)=0, (31)

XYy =YoYi + VoY, ¥(0)=y,() =0, 3.2

X5 = Yo¥s + Ya¥i + Yo Vs ¥5(0) = y,() =0, (3.3)

Xyn= 2 %Y Ya(0)=y,(@)=0. 3.m)

i+ j=m-1
N3z (3.0) uMeeM yO(x) =a,X+ bo , rIe da, ,b0 — IPOU3BOJIbHBIE IOCTOSIHHBIE.
VY noBneTBOpss HaYaIbHBIE YCIOBHS UMEEM
Yo(X) =1-X,
Tornma nna Y, (X) UMeEEM 3a1a49y
2
X ylﬂ(x) =-1+X, yl(o) = yl(l) =0

Orcroma, umeemM

Y, (X) ~Inx, y;(X) ~ % X —0.(4.1)

Ananornuno ompezensieM octanbhbie dynximu Y, (X) ~ o Y, (X) ~ P X—0(4.2)
yg()—3|212, yg()——x x—>0 (43)

y4(x):% A )_—4—1|x =, x—=0 (4.4)

Y, (X ):—5'i4x yé(x)*-éxs,x—)O (4.5)
ym(x):#X_ml ...... ym(x)(l)_ll L

mi(m-1)
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Takum obOpazom pan (2) npu X—>0 HMEET 2 ACUMITOTUKY
, 1 ; 1 &' 3 m m 1 “ma
y(x)~1-glnx+e&"—-¢ S — X+ () ———— X"+ =
2X 312x° 413 m!(m-1)
2 2 m-2
“1-ghx+E|1-¢ 1 P ~+ o+ (D" —+
X 2-31x  5-41x (m-1)-m!x"
g & g g 1( &)

"(X) ~—1+—— + — +t—| — | —clnx+..., x—>0
y (9 x 2Ix* 31 4lx m![xmj ©
NJIIn
y'(X)~—€ *—¢lnx, x—0 (5.1)

O‘IeBI/I,I[HO, 4ToO 3TO P ABJIACTCA aCHUMIITOTHYCCKUM TOJIBKO Ha OTPE3KE (8,1].

Teopema 1. Pemenue 3amaun (1) ymoBieTBOpSIONIEE YCIOBHIO y(l) =0 sBngercs

ACUMIITOTUYECKUM PSAJOM TOJIBKO Ha IOy OTPE3KE (8 ) 1].

[TonHOE TOKa3aTeNbCTBO MOKHO JI0Ka3aTh MEPEX0/s K MHTEprajibHyI0 ypaBHeHUIO U3 (1).
Pemenue (5) sBnsiercs Buemnum pemenueM 3agauu (1).91o perienue (5) MOXKHO MPOJOIKHUTD
ACUMIITOTHYECKH 10 TOUKH X=0.

HeiictBurensHo, uHTErpUpys (5.1) nmeem

y(x) —je_tdt—jglntdt:1—glng+0(5), e—>0 (6)

JlanbHENIIY0 aCHUMNTOTHKY TPYAHO BBIUYHACIUTH OTHUM METOJOM MAaJIOro Iapamerpa.
Oxka3bIBaeTcsi, aCUMITOTUKY 3TOT0 PEIIeHUs JIFo0Oro MopsAaKka 3TOH 3a/la4d MOKHO MOCTPOUTH
MeToAoM QyHKUuHU 1 ['puHa.

3. Mertoa ¢pyuxumii I'puna

Ecnu cnenate noactanoBky B (1)

y(x) =1+u(x), 7
TO 3a/1a4a (1) mpuBOIUTCS K BUIY
% — s(L+u())U'(x),u(0) =0, u(l)=-1. ®)
Pemenue 3amaun (8) umiem B Bue
u(x) =u,(x, &) +u,(x,g) +u,(x,&)+...+u_(X, &) +... , (9

rne U (X, 6‘) (k =12, ) [IOKa  HeolpeJelieHHble (YHKIMM WM OHU  SBISIOTCS
ACHMNTOTUYECKUMH MOCIIEA0BATENBHOCTIMH, T.€.
u..(x,e)=0(u.(x,¢)), vxe[01], £—0.
[Toacrasnss (9) B (8) nMeeM creayromue 3a1a4u
9
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x*d’u, edu,(x, &)

Lu,(x,&) = . =0, u,(0,6)=0, u,(Le)=-1 (10.0)
dx dx
Lu,(x,&) = guo(x,g)w, u,(0,&) =u,(L &) =0, (10.1)

du, (X, &) i du,(x, )
dx dx

Lu,(x,&)=¢eU,(X,&)

u,(x,¢),u,(0,&) =u,(1,¢)=0,(10.2)

i+ j=m-1 dx ’um 0,¢)=u_(1, &) =0 (10.m)

[TocnenoBarenbHO peliaeM 3TU 3a1a4H.
3a nuHelHO He3aBUcHMEbIe pemenus ypasHeHus (10.0) 6epem

X(x)=Afe*"ds, X(1)=1 X(0)=0, (1)

Y(x)=Aje”Sds, Y(1) =0, Y(0)=1. (12)

rme A=A(g)=e" " +elne+0(e)=1+elne+0(¢g), £ > 0.

Otcrona
0
Y(x)=1+Afe*"ds=1- X(x) =, (13)

X
Y (x)+ X(x) =1. (14)
HaMm HyXHa ciienyromue J1eMMBI.
Jlemmal: @ynkuus ['puna a1 kpaeBoil 3a1auun

d?z(x, &)

e —¢2(x,¢)=0, 2(0,&)=2z(1,&) =0 (15)

Lz(x,&)=x?

HUMECT BU

Gix s £) = CX(xX)Y(s), 0<x<s, 16
(%.5,8) = CX(s)Y(x), s<x<1, (16)

e C=—A".

JlokazarenbCcTBO. Y paBHEHUE 3aMMIIEM B CAMMETPUYHOM BH/JIE

Mz(x, &) = i(e“x Mj =0.
dx dx

ITo onpenenenuto Gpynkmuu ['puna ayis kpaeBoit 3agaun (15)
G,(s+0,5,&)—G, (s—0,s,&)=e°". (17)
Tooromy, nveem C [X(S)Y'(S) — X'(S)Y (5)] = C[-AX (s)e™*"* — A(s)e Y (s)] =

10
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_ —&ls _ —els (i) —&ls
=—CAe“"*[X(s)+Y (s)]=—CAe " =e™".

-1
Orcrona, nonyaum C =—A".
Jlemma2. PenieHne HEOJHOPOIHOM KpaeBoH 3a1aun

Lz(x,e)=f(x), z(0,&)=z(¢)=0, (18)

rie T (X) ec[0,1], sanuwercs B Bune
2(x, &) =[G(x,s,£)e*"*s* f (s)ds. (19)
0

YTBepxkaeHue JIeMMbI ITpoBepsieTcs moacTanoBkoi (19) B ypaBuenue (18).
Pemenue 3amauu (10.1) 3anumercs B Buae

u, (X, &) :gj e**s?G(X, S,g)uo(s,g)uol(s,g)ds.(ZO)

OueBuano, 3a pemenue U, (X) MOXHO B34Tb, U, (X) =—X (X), npudem X (X) MOXHO

nepenurcarb B BUJC

h elx
X()=Afeds=o/s=t, s=ot]|=—As [ e' Lot
0 00
Orcrona
elx
X'(x) = Ae "X, u,(X) = ~Ae [e 't dt, (18)
U, (X) = Ae™""x ¢ (19)

[Toatomy yuntsiBas (18)-(19) Beipaxkenue (20) 3anumiem B BUie
1 /] X [}

u,(x) =&[ G(x,5,£)e""*s U, (s)u, (s)ds =& C[Y (X)X (s)e*"*s*u, (s)u, (s)ds +
0 0

U, (X) ==X (X) =—A[ e*"ds

0

+e& Ci X (X)Y (s)e”’*s™u, (s)uol (s)ds =

= £ [Y (0X(5)5 7, ()U, (5)dls +& | X (Y (8)u, (5)s 7u, ().

1els

lu, (x)| < gi X (s)ds +gj X (s)s™*ds :gj X(s)ds = Ag™ [ [et dtds =

£ ¥,
= ‘— = p‘ =—Ae* [[e 't dtds =
S 0

0

P
u=—|[e't?dt, dv=dp, V:p‘:
0

P o & 1 &
=— Apgj e 'tdt] + Agj e’ pidp= A'[ e’ pldp+ Aj e’ plds =
0 © Ee) 1

0

11
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=AA" + AI (e’ -1 pids<—-cAlneg, T.C. nMeeT MeCTO OLIEHKA
1

lu, (x)| <

j X (s)ds

<B=B(s)= As)eh *. 1)
&

Jlnst npousBoanoi pyrkumm U, (X) nmeem onenky

ull(x)‘ <

£ [G,(%,5,6)e”s U, (), (s)ds+ & [ G, (X, 5, £)e°"*s U, (S)u, (5)dls| <
0 X

<& + &

[Y /(X)X (8)|u, (s)ds

j X'(X)Y (3)|u, (s)|ds| < gf X'(x) X (s)ds +

1
+gj X'(X)X (s)ds < Agln 1e“”*ng‘z, T.e.
X &

U (x)‘ < Aetn e — Be)e X, 22)
&

a1
rie B=B(g)=Ac"In=.
&
Tenep onenum pemenue 3agaun (10.2), ero pemeHue nNpeACTaBiIseTCs B BUIE

u,(X, &) :giG(x, S, g)e”’ssz[uo(s, g)ul’(s, g)+ uol(s, e)u, (s, g)}ds =
:gCIY (x)X (s)eg’ssz[uo(s, g)ull(s, g)+ uor(s, g)u, (s, g)}ds +

4 e[ X (Y (s)e”ss‘z[uo (S)U. (5)+U, (5, &)U, (s, g)}ds.

Orciona, ucnonb3ys Gpopmyist (18)-(21) u ouenmBas U, (X, £) umeem

\uz(x,g)\sTX(s)gln Eds+j gInEX(s)ds: A(g)eln lj X (s)ds = B*(¢).
0 & X & D

! !
Tenepy ananornynas ouenka s U, (X,g) naer (U, (X,é‘) < BZ(S)Xze_glx.

Hamee

u, (x.£)| <B"(e),
‘um'(x,g)‘ <B"(g)x’e ", (23)

Takum oOpaszom pemeHne (9) W ero TPOU3BOJHAS  OIEHUBACTCS,  CIEAYIOIIUMHU
ACUMITOTUYECKUMH PSIaAMU

u(x, &) <1+ Ae)eln 1+...+(A(g)g|n ijm ;..
& &

12
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m

|u'(X,5)|£ize”xx2 A(g)glnl+(A(5)gln1) +...+(A(5)g|n1) +... [.(29)
& & & &

Ou4eBUIHO, YTO 3TH PsAbl SABISIOTCS acuMnroTudeckumu psigamu [lyankapa. Mbl naem
(opmanpHOE T0KA3aTEIBCTBO CIEAYIOUICH TEOPEMBI.
Teopema. Pemenne 3amaun (1)-(2) MOKHO pa3IOKUTh B aCUMITOTHYECKUHN 110 aCHMITTOTHYECKOM

1 m
T10C/IEI0BATENbHOCTH {8 Ih= (m=0,1,...).
&

IlonHOE HOKA3aTEIHLCTBO MOKHO MMPOBECTU MCTOIOM MAKOPAHTHI.
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MEXAHUYECKUE CTPAHHBIE ATTPAKTOPBI 1 UX MATEMATHUYECKOE
INPEACTABJIEHUE
MEXAHUKAJIBIK TAH KAJIBIIOTYY TAPTBII X)KAKBIHIATKBIUTAP )KAHA AJIAPJIbI
MATEMATUKAIJIBIKYUATBUIABIPYY
MECHANICAL STRANGE ATTRACTORS AND THEIR MATHEMATICAL
PRESENTATION

I1.C .IIankos, K K. Kasuraesa, C.b. TaraeBa
HNucruryr matematuku HAH KP, KYY, KI'TY um. U. Pa33zakoBa

Annomauyun. Panee memoovl peanusayuu MmexaHudeckux CMpPAHHbIX AMMPAKmMopos Obiiu
CIUWKOM CILONCHBIMU. B 0annoii cmamve makoe s6nenue npooemMoHCmpupo8ano uepe3 CKamvléauue
wapuka no 21a0Kou NOGEPXHOCMU C MpPeMsl BbICIMYNAMU NOO B030€UCMBUEM CUNbL MANCECTU.
Jeuoicenue wapuka oxaszvieaemcs. HenpeockazyemviM. B oanmoii cmamve npeonodiceHvl Opyaue
cucmemol OughghepenyuanvbHblX U pasHOCMHbIX YpasHeHuil 0l I3mou dce yeau. Taxas noeepxnocmo
Ovlia uzeomoenieHa u3 odcene3a U ucnvlmaua. Taxoce 6 cmamve NPeoNoNHCeH HOBbLUL U0
ACUMNMOMUYECKOU IKEUBALEHMHOCTIU.

Annomayua. MypyHKYy MeXaHuKaniblk MAHKAILIWmMYy MAapmuln IHCAKbIHOAMKLIUMbL HCY3626
AWLIPYYVHYH bIKManapvl ome mamaan 6010y. byn makanaoa an Kyoymyw yuyp KyrOn mypean jicepu
OoneoHn oicvlimakail bem OOMHUA mapmyy KYYYHYH MAACUPUHEHMON JHCYMATAHSAHbL APKbLLYY
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kepcomynem. Ton KolilmbliOoaeanvl aloblH aia aumelioac sxew. Jan keneen Ooughgheperyuanovix
menoemenep CUCmemMacsyl my3yaoy Hana KomMnviomepoe 0019coNl MeHeH ybleapuliovl. Muinoatl bem
memupdeﬁ CaAcanovl HCama CbIHANOWLI. ﬂaZbl, MAKANA0A ACUMIMOMUKAABIK IKEUSAIEHMMUKIMUH
JHCAHBL MYPY CYHYUMATLObL.

Annotation. Earlier methods to implement mechanical strange attractors were too complicated.
In the paper this phenomenon is demonstrated as rolling of a ball along a smooth surface with
three juts by gravity effect. The motion of the ball proves to be unpredictable. Other systems of
differential equations are difference equations are proposed in this paper for same purpose.
Suchsurfaceismadeofironandtested.Also, a new type of asymptotical equivalence is proposed in the
paper.

Knrwoueesvie cnoea: ammpaxkmop, 2nadkas no8epxXHOCmb, seleHue, oughghepenyuanvHoe
ypaeHernue, pasHOCmMHOe YpAdeHEeHUe, cucmema prZGHeHMIZ, peaiusayust, AaACuUmMnmomuvdecKa
IKBUBATIEHNMHOCHIb.

Ypynmmyy cezoep: mapmuin sncaxkvlHOamrwiy, Jcolimaxai dbem, Kyoyayu, ouppepenyuaniovik
mequMe, ClbvlblpMa/lblK meﬂdeﬂxze, melj()emeﬂep cucmemacsl, JHCy3oco autblpyy, ACUMnmoOmuKalblK
IK6UBATIEHMMUK

Key words: attractor, smooth surface, phenomenon, differential equation, difference equation,
system of equations, implementation, asymptotical equivalence

BBenenune

[lepBbIM mNpuUMEpOM SBJIEHUS, HA3BaHHOIO «CTPAaHHBIM AaTTPAKTOPOM», OBbUT aTTPaKTOp

Jlopen1ia, onucbIBaeMbIi cucTeMon Tpex AU(pepeHnaIbHbIX YPABHEHUN TPETHETO MOPSIKa
X'(1)=10(y(t) x(1)):y" (O)=x()(28 () -y(1); Z'(t)=x(V)y(t) - 8/3 z(t).

Jist ero peanu3aiuu TpedyeTcst CMECh TPeX XUMHUYECKUX KOMIIOHEHT.

COOTBETCTBEHHO MOSBMWIIOCH ONPEIEJICHHUE: CTPAaHHBIM aTTPakTOp - IPUTATHUBAOIIEE
MHOXECTBO HEYCTONUMBBIX TPAEKTOPHil B ()a30BOM MPOCTPAHCTBE AUCCUMATUBHON JAUHAMHUYECKON
CUCTEMBI.

Hpyroit 006bekT - coneHoup Cwmeiina -BunbsiMca —auHamMuueckas CUCTEMa, aHAJIOTMYHOM IO
MOBEJICHNIO TPAaeKTOPUI OTOOPAKEHUIO YABOEHUS Ha OKPYKHOCTH, TO €CTh C JIUCKPETHBIM
BpeMeHEM. JTa JMHaMUYecKas CHUCTeMa OIpejesieHa Ha TOpe, M 3a OJHY €€ UTepaluio yrioBas
KOOp/IMHATa YJBaMBaeTCs; OTKyJa AaBTOMAaTHYECKHM BO3HUKAET HKCIOHEHIMAJIbHOE pa3beranue
TPAEKTOPHUI U XaOTUYHOCTh JTUHAMUKH.

OTtmeTnM, 4TO caMO 3TO MOHSATHE CTPAHHOIO aTTPaKToOpa SBJISETCS HE YEM-TO 3aJaHHBIM
3apaHee, a BO3HUKAIOIIMM B pPa3iIUYHbIX YCIOBHUSIX. COOTBETCTBEHHO 3TOMY, U BO3HHKAIOT
pa3IUYHbIE ONpeIeIeHHs], Tociie OOHAPYKEHHSI HOBBIX SIBJICHHI.

Panee B omyOnmkoBaHHBIX paboTtax (cm. Hampumep [1], [2], [3]) npemnaraiuch CIOXKHBIC
AJIEKTPOTEXHUUYECKHE YCTPOMCTBA Il €ro peanusanuu. B [4] TpenmokeHo YCTPOUCTBO:
OeckOoHEYHasl JABUTAIOLIAsCSA JIEHTa M CTEP)KEHb, 3aKPEIICHHBIH OJHMM KOHILIOM B TOYKE HaJ
CEpEINHOMN JIEHTHI, IPYroi KOHEL] KOTOPOIO ABUTAETCs MO JIEHTE MO/ BIUSHUEM CHUJIbI TPEHHUS.

Ha ocnoBe Meromuku [5-6], ¢ HUCHOIB30BaHMEM  OMNbITA COCTaBICHHUS  CHCTEM
Qg depeHIaIbHbIX YpaBHEHUH, MOJIETTMPYIOIIHNX dusnueckue IIPOLIECCHI, MBI
IPOJEMOHCTPUPOBAIINTAKOE SIBJICHUE 4YEPE3 CKAaThIBAHUE IIapUKa [0 IJIAJKOH IOBEPXHOCTH C
TpeMsl BBICTYNIaMH TIOJ] BO3JACHCTBHEM CHJIBI TsKeCTH [7]. JIBuXKeHHME IIapuKa OKa3bIBaeTCsA
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HernpeackasyeMbiM.  CooTBeTcTByIomass cucrema auddepeHuaIbHbIX  ypaBHEHUH  OblIa
COCTaBJICHA M TIPUOJIMKEHHO pelieHa Ha KOMITbIoTepe. Takke, Takas MOBEPXHOCTh U3TOTOBJICHA U3
JKere3a M MCIbITaHa.

B nmaHHO# cTaThe mpemIararoTCs IPYyrHe CHCTeMbl AU(PQPEpEeHIUATBHBIX U Pa3HOCTHBIX
YpaBHEHUH, JAIOIINE aHATOTUYHbIC SIBJICHUS.

Takke B CTaTbe NPEUIOKEH HOBBIA BHJ ACUMIITOTUYECKOM OSKBHUBAJIEHTHOCTU JUIA
MIPEJCTABICHUS CTPAHHBIX aTTPAKTOPOB.

1. CocraBiienue cucrembl 1P PepeHuInAIbHBIX YPABHEHU T
PaccMoTpuM JBMKEHHE TOYKH MO TJAJIKOH TOBEPXHOCTH, BBICOTa KOTOPOW BBIPAYKACTCS
bopmymoit z=Z(X,y), HaJ TOPU30HTAIBHON TIOCKOCTRIO. Torma mojy4aeM: BEKTOp aHTUTPaAUCHTa
AXY)=—{Zx'(c3), Zy' (), (Z (63)*+(Zy ' (63))%}.
Paznaraem mocrostuubiii Bektop rpasutanuu §={0,0, —1} na xacarenpHbiii T 1 HOpMaIbHBIH Q K
MIOBEPXHOCTH.

Ag) 4 _ (22 @)’ +(Zy'(x,y))2
(A4.4) (2 xy)* +(Zy'(x,y))2 +((Zx’(x,y))2 +(Zy'(x,y))2)

1
_ {—Zx’(x, V) —Zy ), (2 (6 y)” + (2, (x, y))z}-

) 2 ) 2
(Zx (x, y)) + (Zy (x, y)) +1
Cuua, feficTByromas Ha TOUKy, pornopironansHa Bekropy T (x, ).

T(x,y) = Alx,y) = (1)

JlocTaTo4YHO paccMaTpUBaTh €€ KOMIIOHEHTHI, AeicTBYyomHe 1mo ocsiM Ox u Oy, IOTOMY 4TO U3
HOBBIX 3Ha4YeHui X(t) nY(t) 3HaueHune BHICOTHI MosTyyaercst u3 popmyisl Z=Z(X,Y).

Hcnons3ys BTOpoM 3akoH HbproToHa Uit  JABMKEHUS TOYKM B BHIAE BEKTOPHOIO
ypaBHeHusw" (t) = F(w(t)), ¢ nauanbabiMU ycaoBusMu W(0)=wo, w’(0)=vy, mony4aeM cHCTEMY
yYpaBHEHUU

x'(6) = Z (e (0, y(©)/ (2 x(©), y(©0))” + (2 (x(®), y(©)? + 1), ()
y'(6) = Zy' (e(0), y(©)) / (2 (e (©), y())” + (2 (1), y(£)))? + 1).

MoXHO BBIOpaTh HEKOTOPOE HEYETHOE HATypalbHOE 4YHCIO K>3 B3SITh MOBEPXHOCTD,
3aaBaeMyro popMyIioit
Z(x,y) =Y, ((x — cos(27zj/k))2 +(y - sin(27zj/k))2 + 0.01) ' + x2+ y2.(3)
3a HavabHOE YCIIOBHE TI0 KOOPIWHATAM MOXHO B3STh TOUKY OKOJIO

(—a;0), 0 <a< 1.(4)

[Tpou3BoHBIE B HAYATBHBIM MOMEHT OyJIeM MpeIoiaratb paBHbIMU HYJIIO.

Tornma Touka cHauvana geuraercs 0au3ko k auaun (—a<x< 0;y =0), motom6au3ko k auruu (0
<x<g; y =0), &<a, nanee ABMKCHNE CTAHOBHUTCS YK€ HEMPEICKA3YSMbIM.

2. [TocTpoeHue cuCTEMbI PA3HOCTHBIX YPABHEHHU I

Jns npubmmkeHHoro pemieHust cuctembl (2)-(3) ¢ HadanbHbIM  ycioBUeM (4) MOXHO
COCTaBJSITh  pa3jIMYHbIE CUCTEMbl PpA3HOCTHBIX  ypaBHeHud. Ortcioma  ciaeayer, 4To
AITOPUTMBBIYHUCIICHUS (C YIETOM TMCKPETHOCTH Ha0Opa MAIIMHHBIX YHCEI) - IPEACTABISIET COOO0H
caMOoCTOSTENbHBINH 00beKT. [Ipemnaraercs
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Onpenenenre 1. Ecnu anroputM BBIYHMCICHHS C PAllMOHAIBHBIMU YHCIAMH, JAIOUIHA 10
UCXOJHBIM JIAaHHBIM JIOCTATOYHO JUIMHHYIO [OCJeq0BaTeIbHOCTh umcen {Xn. n=1,2,3, ..}
YIIOBJIETBOPSIET CIICTYIOIIUM YCIIOBHSIM:

1) cymecTByrotT Takue uncia 0<p<(, yro mist Bcex N eNoOymer X, | <Q;
2) nas moboro M eNcyinecTByer Takoe N>M, 4o |X, | >p;
3) mocnenoBaTenbHOCTh {Xn: n=1,2,3, ...} He OJIM3Ka K MEPHOANIECKON;

4) mpu ManblX W3MEHEHUSX WCXOJHBIX JaHHBIX (TIepexoje K COCEAHHM MAIIUHHBIM
quciaaM) MOCIeI0BaTeNbHOCTD {X,: n=1,2,3, ...} 3HAUUTEIBHO M3MEHSCTCS (TO €CTh MMEET MECTO
BBIUMCIIUTENbHAS HEYCTOMYNBOCTD ),

TO TaKOW aJIrOPUTM Oy/IeM Ha3bIBaTh JUCKPETHBIM CTPAHHBIM aTTPAKTOPOM.

3. Onucanme peajbHOI MoJeJIH

ITo 3amanHOMy HeuetHOMY uncay K (K =5,7,9)

1) Beipe3aTh M3 TOHKOT'O JKEJIE3HOTO JINCTA MPaBUIIbHBIN 2K-yronpHuK nuametpoM 60-100
cM. 3anymepyem ero BepiuHsl oT 1 1o 2k, a nentp - 0.

2) PacnonoXuTh MHOTOYTOJIEHUK TOPU30HTAILHO U COTHYTH €T0 TaK, 4To0bI oTpe3ku 1-0,
3-0, 5-0, ..., (2k—1)-0 umenu 6OJBIION HAKIOH BHK3 K Touke 0, a

orpesku 2-0, 4-0, 6-0,...,(2k)-0 umenu HeOONBIIONW HAKJIOH BHU3 K TOUYKe 0.

3) Ilyctuth cTanbHOM IIapuK K3 TOYKH 2. OH JOJDKEH MOKaTUThCS K Touke 0, mOTOM
MOJHATHCS HEMHOTO IO HamNpaBleHUIO K To4ke (2+K), MOTOM CKAaTUThCA (HEONMpPEIEIeHHO) Ha
otpe3ok (2+k+1)-0 nnm Ha otpe3ok (2+k—1)-0, mo 3ToMy OTpe3Ky CKaTUThCs K Touke 0, OTHATHCS
U T.JI.

4. XaycaopgoBa acMMNTOTHYECKAS IKBUBAJEHTHOCTH
IIpocTpaHcTBO penieHnii HEKOTOPOW TUHAMMYECKON CHUCTEMBI C HEMPEPBIBHBIM BPEMEHEM C
HAvYaJIbHBIM YCIIOBUEM ¢ MOXKHO TMPEJICTaBUTh B BHUiAE HenpepbiBHOTO omeparopa W(t,¢@):
Rix®—>Z, @- meTpuueckoe MpOCTPAHCTBO HAYAIBHBIX YCIOBHH, Z - METPUYECKOE MTPOCTPAHCTBO
3HAYECHU pELICHUN.

B nononmHenune K - NpEeVIOKEHHOMY HAaMM  paHee IOHATHI0  «ACHUMITOTHYECKAs
9KBUBAJIECHTHOCTH) [§], MBI IIpeAsIaraéM aCUMITOTUYECKYIO SKBUBAJIEHTHOCTD 110 TPAEKTOPHSM.

Onpenenenne 2. Cremyrolee OTHOIIEHHE 5SKBUBAJICHTHOCTH B MpOCTpaHCTBe @OyneMm
Ha3bIBaTh OTHOIIEHUEM Xayc JOop(HOBOM aCHMIITOTHYECKON SKBUBAJIEHTHOCTH:

(1 zgp)onpenensiercs CIeaAyOMKAM 00pa3oM: s J000ro (Mamoro)ec€R,+ MOXKHO HaWTH
Takoe SeR+ U Takyl CTporo BO3pacTarollyl0 A0 OECKOHEYHOCTH HEMpPEephIBHYIO (YHKIUIO
F[s,00 =R+, uto (Wt €[S, 0))(oz(W(t, 1), W(HK(1), 22))<é&).

Xayc 10p(h0BO aCHMITOTHYECKOE (PaKTOP-TIPOCTPAHCTBO OymeM 0003HauaTh &,

ITIpumep 1. Ilycts @=7=R®, Crpannslii artpaktop JlopeHua, NpUTATMBarOIlee MHOMXKECTBO
KOTOPOT'0 COCTOUT U3 ABYX KacCaroIIMXCs LIUKJIOB.

31ech @*~ COCTOUT M3 TPEX DIEMEHTOB:

- (IIOCKOJIbKY MHOTOKpaTHbI 00X0J B OKPECTHOCTH OJHOTO IMKJIA MOKHO 3aMEHUTh
OJTHOKPaTHBIM 00XO0JI0OM) KJacC SKBHUBAJIEHTHOCTH, IPEACTaBIAEMBbI dYeperoBaHHEM 00Xoza
LIUKJIOB;

- KJIaCC HKBUBAJICHTHOCTH, MTPECTABISAEMBIN NPUOIMKEHHEM K IEPBOMY IHKIIY;
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- KJIacC DKBHBAJICHTHOCTH, IPE/ICTABIISICMbIN MPHOIKCHUEM KO BTOPOMY LIUKITY.

Ipumep 2. Iycrs @=Z=R?. Paccmorpum cucremy (2)-(3)-(4) mpu k=3. Oma mmeer Tpu

YCTOWYMBBIX U TPU HEYCTOHYUBBIX HAIPABIICHUSI.
3ech @*~ COCTOMT U3 CIIEAYIOIIUX SJIEMEHTOB:

- TpU KJacca HKBUBAJICHTHOCTH, IPEICTABISIEMBICTICPUOANYCCKIMHU  JIBIDKCHUSIMUA 10
YCTOIYMBOMY U ITPOTUBOIIOJIIOKHOMY HEYCTOHUMBOMY HAIIPABICHHIO;
- (OecKOHEYHOE KOJMYECTBO) KJIACCOB IKBUBAJICHTHOCTH, MPEACTABIISCMbIXYEPEIOBAHUEM 10
TPEM YCTOWYHMBBIMHAIIPABIICHHUSIM.
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Anuomauuﬂ: KOManOmep ApKbulLYy JHICYy3020 aAulblpblily)yd), IEKNUOOUK DMeC MONOJIOSUANBIK
MeUKUHOUKmepoe 6auKapovliyyyy KelUMblI000 Oy1 mMakanaoa kapaiam. Maxkanraoa 4ekummun jHana
V3VH-MYypacel 6ap o6vexmmun KbullMbLIOOOCYH HCAOOYYYYy AHLIKIMAMALAD HCAHA KUHEMAMUKAIIK
MetUKUHOUKmepoe KblUMbLIOOOHYH He2U3UHOe O14OMOYY Y4 aHblkmama oap.

Almomauuﬂ. B cmamve paccvampueaenmcs  ynpaeisiemoe osuodicenue 6 HeIBKIUOO0BbIX
monojiocudecKux npocmpancmedx, KoOomopoe MoolHcen Obimb PEAIU306AHO HA KoMmMnbvromepe.
Cmarnbﬂcodepofcum onpedeﬂeﬂuﬂ, 06601’16111/[661}01/141/[6 osudicenue mouxku u NPOMANCEHHbLX 06’667(‘11106,
u mpu onpedeﬂeﬂuﬂ pasmeprocmu, OCHOBAHHbIE HA O0BUIICEHUU 6 KUHEeMAMUYECKUX npocmpancmedax.

Abstract: This paper deals with controlled motion in non-Euclidean topological spaces which
can be implemented by means of computer. It contains a survey of definitions to provide motion of a
point, definitions of motion of a lengthy object and three definitions of dimension based on motion in
kinematical spaces.

Key words: topological space, metrical space, kinematical space, computer, Riemann surface,
motion, rotation, dimension.

Ypynmmyy ce3zoep: mononocuanvix melukunoux, Mempukaiblk MeUKUHOUK, KUHeMAMUKAIbIK
MEUKUHOUK, KOMNbIOMeED, PUMAHObIK Oem, KblliMbLI000, AllaH)y, OJIUOM.

Knrouegnbie cuoea: monoJjiocuieckoe npocmpancmeo, mempuveckoe npocmpancmeo,
KuHemamu4dyeckoe npocmpaHcmeo, Komnviomep, pUMAaAHoed NOBEPXHOCNIb, ()6u9fC€Hu€, epaujerue,
PA3MEPHOCMb.

1. Introduction

Since it is known, S.Ulam [6] was the first to propose an active work on computer to present a
virtual (four-dimensional Euclidean) space, but he did not propose any concrete methods of
implementation.

An another way to perform non-Euclidean spaces visually by means of computer was proposed

[7]. His idea can be demonstrated by the following example. If we put the figure > onto a common
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ring band and we can look "along" the band sufficiently far then we will see the se- quince of

We [4] proposed to use controlled (interactive) motion in non-Euclidean topological spa- ces by
means of computer. We implemented the Mobius band as follows. We are standing on a band and see

the figure O (the horizon is less than half of the length of the band). We go and soon we see the

figure .

We [1] introduced general conception of a kinematical space and implemented some Ki-
nematical spaces (Riemann surfaces, Mobius band, projective plane, topological torus) with se- arch
in them. Methods of constructing such spaces and marking to facilitate motion in them were proposed
in [2] and applied in [5].

A similar definition, independently of us, was proposed in [3]. We do not know whether it was
implemented by computer.

Kinematical investigation of unknown spaces defined by differential and algebraic equa- tions
was proposed in [8].

New types of dimensions based on motion were announced in [9] and [10].

In this paper we expound this approach and give definitions of three new types of dimen- sions:
successful observation and "almost observation™ from observable domains; possibility of rotation of
lengthy sets.

2. Review of preceding definitions on motion and dimensions

We will use denotations R := (—a0,00); R+:= [0, «0);Q%= [0; 1]% k= 1, 2, 3,...is a k-dimen- sional
cube (segment, square, cube, ...); &s a small positive parameter. Also, we will extend func- tions to
sets with same denotations.

Natural motion of points (also implemented on computer) is presented by the following sys- tem
of axioms [2] based on the notion of time.

Definition 1. A computer program is said to be a presentation of a computer kinematical space
if:

P1) there is an(infinite) metrical spaceX of points and a set X;of program-presentable points
being sufficiently dense in X;

P2)the user can pass from any point x; in X; to any other point x,by a sequence of adjacent points
in X; by their will;

P3) the minimal time to reach x, fromx,is (approximately) equal of the minimal time to reach x,
fromx;.

The spaceXis said to be a kinematic space;the spaceXjis said to be a computer kinematic
space;thisminimal time is said to be the kinematical distancepxbetween x;andx,;asequence of
adjacent points is said to be a route. Passing to a limit as Xjtends to X we obtain the following.

There is a set K ofroutes;eachroute M, in turn, consists of the positive real number Ty (time of
route) and the function my: [0, Ty] — X (trajectory of route);

(K1) For x3#x, eX there exists such M eK thatmy(0) = x;and my(Tu) =X2, and the set of values of
such Tyis bounded with a positive number below;
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(K2=P3) If M={Tn ,mm(t)} € K then the pair {Ty, mu(Tm — t)} is also a route of K (the reverse
motion with same speed is possible);

(K3) If M={Ty, mu(t)} e Kand T*e (0, Ty) then the pair: T* and function m*(t)=mpy(t) (0 <t <
T*) is also a route of K (one can stop at any desired moment);

(K4) concatenation of routes for three distinct points Xi,X2,X3.

Remark 1.After our publication [2] another version of presenting "motion™ based on the notion
of "path" was proposed.

Denote the set of connected subsets of R as In. A path is a continuous map y :In—>X (a
topological space).

Definition 2.The following definition is composed of some definitions in [3] (briefly) redu- ced
to a "a priori" bounded, path-connected spaceX; denotations are slightly unified.

A length structure in X consists of a class A of admissible paths together with a function (length)L: A
—>R..

The class A has to satisfy the following assumptions:

(Al) The class A is closed under restrictions: ifyed, y : [a, b]—>Xand [u, V] c[a, b] then the
restrictiony |y, vyeAandthe functionL is continuous with respect to u, v;

(A2)The class A is closed under concatenations of paths and the function L is additive correspond-
dingly. Namely, if a pathy: [a, b] —X is such that its restrictionsjs, »»to [a, c] and [c, b] belong to A,
then so isy.

(A3)The class A is closed under (at least) linear reparameterizations and the function L is
invariantcorrespondingly: for a pathye4, y: [a, b] »Xand a homeomorphisme : [¢, d] —[a, b] of the
forme(t) = ot + B, the composition{¢(t))is also a path.

(A4) (similar to (KI)).

The metric in X is defined as

oL(zo, z1):=Inf {L(p) |y : [a, b] =X; y€A; ©a) = zo; Ab) = 71}

We mention some known definitions briefly (we restrict with metric sets):

Definition 3. Dim-dimension (or "cover"- or Lévesque one): it is defined to be the mini- mum
value of n, such that every open cover (set of open sets) C of X has an open refinement with number
of overlapping being (n + 1) or below.

Ind-dimension: by inductionind(©) = — 1; Ind(X) is the smallest n such that, for every closed
subset F of every open subset U of X, there is an openset V in "between F and U ™ such that
Ind(Boundary(U)) < (n —1).

Minkovski (Min)-dimension.Min(X) := lim{ (-log N./loge)|—> O}where N.s the mini- mal
cardinality ofe-sets in X. Iflimdoes not exist thenliminf (Min_)and limsup(Min.)to be con- sidered.

Remark 3. For metrical spaces Dim-dimension and Ind-dimension coincide. Obviously, Min(QY)
=k.
3.Motion of lengthy objects in kinematical spaces

Definition 1 is not sufficient for motion of point sets. One of possible extensions of Defi- nition 1
is the demand of isometric of all shifts of a set during motion but it is too binding. We proposed [11]

Definition 4.Given a set S cK.A set of routes with functions {M(p) : p =S} with a same time T is
said to be a motion of S with bounded deformation if there are such constantsO <a_ <1 < a.that

(M1)(7p €S)(M(p)(0)=p);
20



HKAMYuyn XKapuvicer 2020-2

(M2) (7p1#p2 €S)( 7t €[0,T])(ox(M(p2)(1). M(p2)()) €[a-,a+]px(P1,P2))-

Definition 5.Ifadditionally

(R1) there exists such set ("axis")CeS that M|cis the identity operator;

(R2) (YpeSYM(S)(0) = M(S)(T)) (initial and final sets coincide);

(R3) (Wty=t2€(0,T))(M(S)(t1)) PM(S)(t2) = C) (the set S is "thin" and does not pass by itself excluding
the axis);

then such motion is said to be a "proper rotation” (with "bounded deformation” correspondingly)
around C.

Remark 4.To define "rotation™ of a general (spacious) objects in a space without geo- metry is
very complicated. For our purposes such "proper rotation" is sufficient.

4. Dimensions defined by motion in kinematical spaces

Definition 6.A setBof a kinematical spaceXis said to be "fully observable" if there exists a route
including all this set.

Definition 7.A kinematical spaceX is said to be "locally observable" if each its point has a "fully
observable™ neighborhood.

Definition 8.A locally observable kinematical spaceXis said to be "observable" if each its
bounded set is "fully observable".

As usually, we will call a bijective continuous image of a segment [0,T] a "segment in
kinematical space"”. Also, we will call the trace of bijective motion of a segment with one of end-
points fixed "triangle™ etc.

Definition 9."Orientation dimension™ O ri- is 1 for observable spaces. If there exists such
"segment” with endpoints z;and z,and an inner point zoand such rotation with bounded deformation
around zpthatzypasses to z,and vice versa then O ri (K) >2; if there exists a "triangle” with vertices
Z1,2,and zzand a point zgwithin the "segment“z,;— zowhich can be rotated around the segment zp—
zzwith bounded deformation such thatz;passes to z,and vice versa then O ri (K) >3 etc.

Obviously, O ri (Q*) = Dim (Q“), k=1, 2,3,....

Remark 5."Motion" of such lengthy sets into themselves is not sufficient for such definition
because a triangle z;—z,-z3can be transformed continuously into triangle z,—z;-z3by motion along the
Mobius band but its dimension is 2.

The next definition also begins with observable spaces.

Definition 10. (For bounded spaces only).Kinematical (Kin-) dimension is 1 for observable
spaces. By induction: If not (Kin(X)< n), n> 1 and there exists function M, (ai, az, ..., an, t):
R."xR+—X defined fora;<a,<... <a,, being a route for fixed ay, a, ..., an, such that
1) My, (a1, a, ..., an, 0)= xo(a fixed element in K);

2)M;, (a1, @y, ..., an, t)does not depend on a; being grater than t;

3)[]((Mn(al Lax’, ..., an’, t),My (8.1”, a”’, ..., an’”, t))_<|a1’—a1 ”|+|a2 —ay ”|+... +|an ’—an”|;
4) Trajectories of M, (as, &z, ..., an, t)for all a; cover the set X

thenKin(X)=n+1.

It is obvious that Kin(Q') = 1.

Remark 6.There exists a continuous Peano surjection Q*—Q%f Q?is considered as a topological
space.
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Theorem 1. Kin(Q?%) = 2(= Dim(Q?))if Q%s considered as a kinematical space with Euclidean
metric.

Proof.By contradiction.If Kin(Q?) = 1 then there exists a trajectory S covering all Q. Choose a
natural n and divide Q%into n xnlittle squares. The trajectory S passes though all centers of squares
and has the length within each square not less than 1/n. Hence, its total length is not less than n -n- 1/n
= n and tends to infinity as n —oo.

Definition 11. A bounded kinematical spaceXis said to be "almost observable" if

(Ve=>0)(M eK)(x eX)(Ft €[0,Tm]) (ox(x.mm(t)) <é&).

Denote the lower bound of such Ty for fixedeas W(X).

Remark 7. The notion of a compact space can be expressed by "almost observability": if a
kinematical space is almost observable and complete then it is compact.

As N_~2W (X)/ewe obtain "Minkovski-kinematical" Min-kin-dimension:
Definition 12. Min-kin (X) := 1 —lim{ logW/(X)/loge | e—0}. If this limdoes not exist thenliminf
(Min-kin_) and lim sup(Min-kin.)to be considered.
For example, W(Q") = 1 2¢;
Min-kin(Q") = 1 —lim {log (I 2¢)/loge] e—»0} = 1-0=1;
WAQ%) =~ (1 28)/(2¢) + (1 =2¢); Min-kin(Q?) = 1 + lim { log(2¢)/loge] e»0} =1+ 1=2.
5. Conclusion
The paper demonstrates that various new definitions of "dimension” conforming with known ones
can be introduced on the base of "motion™ and "rotation™ in kinematical spaces.
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OYHKIMAJIBIK 63Y MAMWIEJIELITUKTEPHU bOJII'OH OB BEKTTEPIMH
KATEI'OPHUACHI
KATEI'OPHMA OFBEKTOB C ®YHKIMOHAJIBHBIMU COOTHOLIEHMAMM
CATEGORY OF OBJECTS WITH FUNCTIONAL RELATIONS

Kenenoaesa IM., KHY um. K. Banacazvina, gylaim@mail.ru
Kenenoaes 3., UM HAH KP

Annomauun: byn maxanraoa 63 apag)yHKyuoHanowvik Oailianbiumapvl 6ap 00vbeKkmuiepouH
KAMe2OPUACLIHbIH ~ AHLIKIMAMACHl  KupeusuieeH. byn kameeopusioacel obvekmunep — anapoa
AHLIKMAN2AH KON  OpYHOYY NpeoukammapovlH Kenmyey, mopguzmoep — KONMyKmopoy
NPeouKammapOblH YblHObI2bIH CaKmazaw, ezeopmyynep. Heauzeu wapmol: konmykmepoy, npeouxam
ublH OOIYN Mypeamoau, Oup snemenm MeHeH MOLYKMOoo MyMKyHuynyey. Tomeuky knaccuguxayus
CYHYUWIMAnam: KOWyM4a NeMeHMUEeKMYy JHce HeKCU3 KONMYKMOH JHce HCAebl3 OOnyul MYMKYH.
Mucanoap  kenmupuneen. Mvinoau 63  apa@yHKYUOHANOLIK  OAUAAHLIUMAPOBLIKID  OUp
oughghepenyuanovix meyoemenepou u3UI006 YuyH KOIOOH)YY KOPCOMYICOH.

Annomayun: B cmamve 6600umcs onpeoenenue xame2opuu 00beKmos ¢ PYHKYUOHATbHLIMU
coomuowenuamu. Obvexmamu 6 Mot Kame2opuu S8IIMCS MHONCECMBA ¢ ONPeOeIeHHbIMU HA HUX
MHO2OMECMHbIMU NPEOUKAMAMU, MOPOUIMAMU - MaAKue Npeodpazo8anus MHOICECMS, KOMOpbvle
COXPAHAIOM UCTMUHHOCMb npedukamos. OCHOBHOe YCN08Ue: B803MONICHOCMb MAKO020 NONOJHEHUs
MHOJCECE  OOHUM  DNEMEHMOM, YMO NpeouKkam CmaHosumcs ucmuHuviM. IIpednacaemcs
Kaaccuguxayus: OONOIHUMENbHBIN INEMEHM  SAGIAeMCs  eOUHCBEHHbIM, U3 KOHEYHO20 U
beckoneuno2o mHoxcecmaa. Ilpusedenvl npumepol. [lokazano ucnonib308anue MaKux cOOMHOULEHULL
0J151 UCCTIe00B8AHUSL HEKOMOPBIX OUPDDEPEHYUATbHBIX YPABHEHUIL.

Annotation: A definition of category of objects with functional relations is proposed in the
paper. Objects of this categoryare sets as domains of multiplace predicates; morphisms are
transformations of sets preserving truth of predicates. The main condition: a set can be replenished
by one element in such a way that the predicate becomes truth. A certain classification of them is
proposed: the additional element is unique; of finite or of infinite set. Examples are given. An
application of such relations to investigate some differential equations is demonstrated.

Auxwtu ce300p. ouppepenyuanovix meyoeme, AHATUMUKATBIK HYHKYUSL.

Knrwouesvie cnosa: xamezcopus, MHOMCECMB0, 00beKm, MOPHUIM, MHOLOMECHMHBIN NPEOUKam,
@yHKYUOHATbHOE COOmMHOUeHUe, QU GeperyuaivHoe ypasHenue, Kidccugurxayus, QyHKyus.

Key words: category, set, object, morphism, multiplace predicate, functional relation,
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differential equation, classification, function.

BBenenue:

[lonatne Kateropuu MJaeT BO3MOXKHOCTH €IMHOOOpa3sHO wu3marath (akThl, CBS3aHHBIE C
pa3MyHBIMU pasnenaMu MateMaTuku. B Keipreizcrane nepsbie paboThl IO TEOPHH KaTETOPHA ObUIH
BeimonHeHsl M.SI. MenseneBsiM u A.A. bopybaeBeiM. Hamu [20-21] mpennokeHbl ONpeneieHus
KAaTeropuy YpaBHEHUN U €€ IIOJAKATErOpui.

B OonpmmHcTBE paboT mo Teopuu AUQQepeHIHNaTbHbIX YpPaBHEHHH pacCMaTpUBAIUCh HIIN
pewieHUs B LeaoM (I1aakue (YHKLIMH, aHAIUTHYeCKHue (DYHKIUM), WIM 3HAYCHWUs DEUICHUH B
OMM3KUX Toukax (Uil NPUOIMOIKEHHBIX METOAOB), MMEINCh OTAEIbHBbIE pPE3yJbTaThl, T
UCIIOJIb30BAIMCh 3HaYeHUs (PYHKIMH B OTAaJIeHHBIX Toukax. B [14] Obl1a npeanoxkeHa akcuoMaTuka
st QYHKIMH, y KOTOPBIX 3HAUCHUS B PpA3NIMYHBIX TOYKax CBsi3aHel. B [22] -npumeHeHue
(YHKIIMOHAIBHBIX COOTHOIIEHUHN 11 TPUOIMKEHHBIX BBIUMCICHUH.

B nacrosmei cratee

- BBOJIUTCS AaKCHOMATHKa JUIsl MHOYKECTB, Y KOTOPBIX PA3JIMYHBIE 3JEMEHTHI CBSA3aHBI MEXIY
COOOH, 1 OompeeNsieTcsl KaTEeTOpHs TAKUX 0OBEKTOB;

- NpOBOAMTCA Kiaccu(uKauus HAOOPOB CBA3AHHBIX MEXIY €000 3JI€MEHTOB MHOXKECTB:
Ha0OpBI U3 OECKOHEYHOr0 U KOHEYHOI'O KOJIMYECTBA 3HAUYCHUI; TOJTHOCTBIO OIPE/ie/ICHHbIE HA0OPHI U
YaCTUYHO OIpeJielIeHHbIe HA0OpBl, a TAKXKe COOTBETCTBYIOIIAsA Kiaccuukanus 1uddepeHaabHbIX
YPaBHEHMI U OIMCAHUE BO3MOXKHOCTH IPUMEHEHHUS () yHKIIMOHAJIbHBIX COOTHOIIEHUH JUIsl peILeHHSL.

1. Onpedenenue kamezopuu 00beKmMoO8 ¢ PYHKYUOHATbHBIMU COOMHOUEHUIMU

Omnpenenenne 1. BBommrcs kateropusi Rel-Set. Ee oObexktamu siBisitoTcs MHOXecTBa Mc
OINPEICTICHHBIMH HAa HHUX N-MECTHBIMH CHMMETPHUYSCKMMH mpeaukaramMuP (M, BO3MOXKHO,
JOTIOJTHUTENBHBIME (N—1)-MECTHBIMU CHMMETPUYECKIMU mpeankatamu Q mpu n>2), n>2.

BeinonusAoTCes cleayromme yciaoBus:
Ecnu 1Ba U3 X1, X, ..., Xn €M paBHBI MEKY cO00, TO P(X1, X2, ..., Xn) = «102icby;
Jns mo6bix (mmm Takux, uto «Q(X1, X, ..., Xn-1)») Pa3sAMUYHBIX MEXKIY CO00#X1, X2, ..., Xn-1 €M
CCYIIECTBYET Takoe X, eM , uto P(X1, Xo, ..., Xp) = «ucmunay.

Mopdusmamu SBISIOTCS TakUe B3aMMHO-O/JHO3HA4YHbIE INpeoOpa3oBaHHsl MHOXeCcTB M, uTo
npeaukar P coxpaHsieT CBOe 3HaUCHHE.

B Tom cnyuae, koraa takoe Xp€ M eauHCTBEHHO, Oy/meM 0003HaYaTh Mmojakareroputo, kak Rel-
Set-1.

B Tom cnydae, koraa takoe Xn e M BbIOMpaeTcss U3 KOHEYHOI'O MHOXeCTBa, OyneM 0003Ha4yaTh
noakareroputo, kak Rel-Set-f.

B ToM cnywae, korma Takoe X,€ M BbeIOMpaeTcss W3 OECKOHEYHOTO MHOXKECTBA, OyIeMm
0003HayaTh mojakareropuio, kaxk Rel-Set-i.

Oynkiun  f:X—>YMmoxHO paccmarpuBarh, kak MHOkecTBa map {x=(u, f(u)):ueX}. Torma
Omnpenenenue 1 nepexoauT 1 Ha GYHKLIUH.

CooTtBeTcTBEeHHO, onpenensitoTcs noaxkareropun Rel-Func-1,Rel-Func-fu Rel-Func-i.
2. [Ipumepbl 06beKmMO8 ¢ 3aMbIKAIOWUM DJIEMEHMOM U3 OECKOHEYHO20 MHOMICECMBa

Ipumep 1. Rel-Set-i. O6bekTsI - (N—2)-MepHBIE THIEPILIOCKOCTH B mpocTpancTee R
P(X1, ... , Xn )="TOUKH X, ... , Xp JIEKAT HA OIHOM(N—1)-MEPHOI THIIEPILIOCKOCTH ~.
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B yactHOCTH, TIpH n=4: «JaHHBIC YEThIPE PA3TUIHBIX TOUYKH U3 R31eKar Ha OHOI IIIOCKOCTHY.
Mophu3Mbl - TUHEHHBIC HEBBIPOXKICHHBIC IPe0Opa3oBaHus IMPOCTPAHCTRA.
Ipumep 2. Rel-Func-i. O6bexTsl - rpadukd MHOTOWICHOB (N—2)-CTENEHH Ha IOCKOCTHRZ.
O06o03HauNM Xj :( Ui, Vi).
Q(Xq, ... , Xn—1 )= "abcumcchl Uj BCEX TOUEK PA3IUUHBIEY,
P(X1, ... , Xn) = “cymectByeT Takoit muorowien W(u)(n—2)-crenenwu, uro vi =W(u;), i =1,...,n"
DTOT MpeArKaT MOXKHO BBIMKCATH B SBHOM BHUJIE C TOMOIIBI0 MHOTOuWIeHa Jlarpamka.
B wactnoctu, npu n=3:
P(X1,X2, X3)= «IaHHBIC TPH TOUKHU U3 R%- Pa3IUYHbIC U JICKAT HA OHOU TIPSIMOI».
Mopdusmbl - JUHEHHBIE MPEOoOPa30BaHMs OTICIBHO MO OCH aOCHHUCC M OTACIBHO IO OCH
OpJMHAT.
[Tpumep 3. Rel-Set-i. OOBEKTHI - OKPY>KHOCTH Ha MJIOCKOCTH R? n=4.
Q(X1,X2, X3 )= « TOYKH HE JIS)KAT HA OJTHOM MIPSIMOIL»,
P(X1, X2, X3, X4)= “ TOUKH JIe)KAT HA OJHON OKPYKHOCTH ~.
DTOT MpeAMKAT MOKHO BBINKCATH B SBHOM BHUJIC, YepE3 PABEHCTBO BIIMCAHHBIX YIJIOB.
Mop®hu3MBI - TOBOPOTHI U CIBHTH TUIOCKOCTH.
[Tpumep 4. Rel-Set-i. O0beKTHI - chepbl B IPOCTPAHCTBE R®, n=5.
Q(X1,X2, X3,X4)=" TOUKH HE JIe)KAT B OJHOM IIOCKOCTH;
P(X1, X2, X3, X4)= “ TOUKH JIe)KAT Ha OJHOM chepe”.
Mop®u3MbI - TOBOPOTHI ¥ CIBUTH IPOCTPAHCTBA.

3. IIpumepvi 06veKmMo86 ¢ 3aMbIKAIOWUM DTIEMEHMOM U3 KOHEUHO20 MHOICECTEA

IMpumep 5. Rel-Func-f. Cm. Ilpumep 2. JIONOJHHUTENBHOE YCIOBHE: «TOYKH MOXKHO
NEepPEeHyMEpPOBaTh TaK, YTO PACCTOSHUS MEXy adciuccaMy paBHbI». Toraa eme oJlHy TOUYKY MOKHO
J00aBUTH ABYMSI CIIOCOOAMHU.

Ipumep 6.Rel-Func-1. Monoxum M=R*= R?xR, n=4; u; eR?, v;eR.
Q(X1,X2, X3 )="" TOYKHU1,Uz, U300pa3yroT MPSIMOYTOIbHBIH TPEYTOIbHUK”;
P(X1, X2, X3, X4)= “ ToukH U1, Uy, U3, U400pa3yroT MpSIMOYTOJIbHUKH CYMMBI 3HAYEHHUH V1, Vo, V3, V4HA
IIPOTUBOINOJIOXKHBIX KOHIIAX AMaroHajeil paBHbI .

OTOT NpUMep OCHOBAH Ha TOM, YTO (PYHKIIHS ABYX CKAJSIPHBIX MEPEMEHHBIX - cyMMa (DyHKUIUN
OT OJJTHOM MEPEMEHHON KaKJ1asl - yIOBJIETBOPSIET TOKIAECTBY A € T€ePCCOHA JIISl YETHIPEX TOYEK:

Ecnu f(p,q) =f1(p)+f2(q), p1, P2, 1, Gz- 1r00BIE YKCIA, TO

f(p1, A2)+ f(p2, G2)=f(p1, A2)+ f(p2, Ga).

Mop(u3MaMH 371eCh SBISIOTCS: CIABHTH H IIOBOPOTHI TIOCKOCTH R%H IHHEIHBIE MPeoOpasoBaHHs
npsmoii R. COOTBETCTBEHHO, MOCIIE/IHEE PAaBEHCTBO MEHSET CBOIl BH/I.

Crnenyrouiye npuMepsl aHATOTUYHBI, TIO3TOMY BBIITUILIEM TOJIBKO COOTBETCTBYIOIIME MTPEANUKATHI.

[Tpumep 7.DyHKIUS MCKATSIPHBIX HEPEMEHHBIX - CyMMa (DYHKIUI OT OJHOM NepeMeHHOM
KaXKaasl - yJOBJIETBOPSIET aHAJIOTUYHOMY TOXAECTBY A C relpccoHa JUIsl YEThIPEX TOYEK, KOTOPHIE
00pa3yroT NpsAMOYTOJIbHUK, KaKue-T100 JIBe MPOTHUBOIMOIOXKHBIE CTOPOHBI KOTOPOTO MapaliebHbI
OJIHOM U3 OCel KOOPJHHAT.

[Ipumep 8. U3BecTHO, 4TO (GYHKIHMS M CKaIAPHBIX IMEPEMEHHBIX - CyMMa (YHKIIUHA OT
MEHBIIETO YUCJIa IEPEMEHHBIX KayKaas -

f(uy, ...,Um)= g1(Ua, ..., Un)+ ...+ gq(Uy, ..., Ug—1, Ug+1, -, Um) + oot Gm(Ug, ..., Um-1),
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YIOBJIETBOPSIET 000OIEHHOMY TOKIECTBY Acreiipccona s 2™ Touek.
Hanpumep, mis m=3: mycThb Uy,Uz ,Us,Ug,Us , Ug - JIFOOBIE YKCIIa, TOrIA

f(us, Uz ,us)—f(uy,uz, Ug)—f(u1,Us, Uus)+ f(uy,us, Ue) —

—f(U4,U2 , U3)+f(U4,U2 , U6)+ f(U4,U5 , U3)—f(U4,U5 , Ue): 0.

3. Knaccughuxayuu ougpghepenyuanvuuix ypasHenui

O030p nuTepaTypsl IMOKa3bIBa€T, YTO E€AMHOOOpa3We B TEPMHHOJIOTUU HMEET MECTO s
OOBIKHOBEHHBIX A depeHnnanbHbIX ypaBHEHHH U A1 [ depeHIHaTbHBIX YPAaBHEHUH B 4aCTHBIX
IPOM3BOJIHBIX C KOJIMYECTBOM MIEPEMEHHBIX HE 0oJiee IBYX M MOpPsAKa HE BBILIE BTOPOTO.

B pat6orax [2], [3], [5], [6], [12], [15], [16], [17], [18], [19] mu mpyrux mnpemraraetcs
KinaccupuupoBars auddepeHnnanbHble ypaBHEHUS B YacCTHBIX MPOM3BOJAHBIX IO MX 3aIHUCH, U
paccMaTpUBAIOTCs Takue MpeoOpa3oBaHUs, KOTOPbIE HE MEHSIOT, XOTs U YIPOIIAT BUA 3anucu. B
[20], [21] npeanokeHo Kiaccu(UUMPOBATh YPAaBHEHUS MO CBOMCTBAM UX PEIICHUM, Ja)Ke €CITH OHU
HNPUHAIEKAT K Pa3IMYHBIM THUIIAM.

PaccmoTpuM npumepsl BOSHUKHOBEHUS M TPUMEHEHHSI (DYHKITHOHAIBHBIX COOTHOILIICHUH.

OO0bikHOBEHHBIE (D PepeHnanbHbIe ypaBHEHUS

Ipumep 9. Cwm. Ilpumep 2 u Ilpumep 5. Pacemorpum ypasrenne Y®(x)=0. Ero peurenue -

muorowieH (K—1) mopsinka. Ero 3HaueHust MOXHO HaxoauTh Juis Jirodoro h>0 mocienoBarenbHO MO

dbopmye:
k

yx) =) 16,{ (=1)7**y(x — jh).
i

OTOT MpUMep CTAaBUT 3aJauy O KJlaccax OOBIKHOBEHHBIX AH(p(EepeHIHaIbHBIX YpaBHEHUH, AT
KOTOPBIX MOKHO IOCJIEJOBATEILHO HAXOAUTh PEIICHUS aHAJOTMYHBIMU CIIOCOOaMH.

IIpumep  10.CBsi3p  MeXAy  3HAYEHHUSMH  PEUICHUS  JHMHEHHOr0  OOBIKHOBEHHOTO
T depeHMaIbHOro ypaBHeHMs B pa3indHbXx Toukax mnoiyuun C. J. delaValléePoussin(cm.
Hanpumep [1]): ypaBHeHue
YO U)+ps(u) YD)+ + po(u) Y(u) = 0, a<us< b pi(u)<Clab],
¢ yenoBusamu Y(U;) = Cj, i=1,..., NUMeET eANHCTBEHHOE PELICHHE PH OTPAHUYCHUH
Il Palliai(b— @)+ || Palliaey (b= 2)*/21+... + || Pulliasy (b-2)"/n! < 1.

JuddepeHnmanbaple ypaBHEHHS B YACTHBIX MPOU3BOIHBIX
[Tpumep 11. Cm. IIpumep 6. Koraa cTopoHBI IPpsIMOYTOJBHHAKA MAapaJIEIbHbI OCIM KOOPAMHAT,

62W(u1,u2)
JaHHBIE 00BEKTHI COOTBETCTBYIOT PEIICHUSIM YPaBHCHHUS Swon = 0.
u10uUy
[Ipn moBOpOTE MIOCKOCTH Ha 45° nauHBIe OGBEKTHI COOTBETCTBYIOT PEIICHHSIM ypaBHEHUS
02w(ug,uy) _ 92w(ug,uy)
0uq 2 - 0uy?

Taxum o6pazom, MOphHU3MBI TaKXKe SBISIOTCS MOPPU3MaMU ypaBHEHHI.

3. 3axnrouenue
[Ipumepsl, TpUBENEHHBIE B HACTOSAIIEH CTaThe, IOKA3bIBAIOT, YTO BBEJEHHBIE KaTErOpUU
00BeIMHSIIOT O0BEKTHl M3 Pa3NUYHBIX pPa3/ie]IOB MaTeMaTUKH, MMEIOIINE aHaJOTHYHBIE CBOMCTBA.
Takxe, B pa3IuuHBIX pazaenax Teopuu audQepeHInaNIbHbIX YpaBHCHUNUOKA3bIBAIUCh U
UCTIONIL30BAINCHh OT/ENbHBIE (DYHKIMOHAIBHBIE COOTHOIICHHs, HO HE ObUIa TpPOBEACHA WX
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KJIacCU(UKalUs, OHU HE HCIOJIb30BAIUCH CUCTEMATUYECKU JUIsl MOJYYEHHUS HOBBIX PE3YJbTATOB.
[Ipennaraercs pa3paboTaTh TEOPUIO U METOAUKY IPUMEHEHHUs (DYHKIIMOHAIBHBIX COOTHOILICHUH.
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VIK: 514.75

E, MEVKWHIWUTWMHAETY KU YEHEMIYY A, BOJIYHITYPYYCYHO

BUPUKTUPUJII'EH UIPU XKOHYH]IO
O IIPUCOEJVHEHHOM KPUBOU JIBYMEPHOI'O PACIIPEJEJIEHMSA A,B
[NPOCTPAHCTBE E,
ABOUT JOINT CURVE OF 2-DIMENSIONAL DISTRIBUTION A,IN THE SPACE E,

Ianuesa T.M., Mycmanaxynoea 4.A.
OlIMY

Annomayun: Haiidenvl HeoOxoO0umoe u oocmamouyHoe YCi08usi O MO20, UMOObl

npucoeounénnas kpueas k 0gymeprnomy pacnpeoenenuio A, 6 npocmpancmese E4 sgnsnace sniuncom

6 cryuae, kozoa pacnpedenenus A, u emy opmozonanvho dononnumenshoe pacnpedenenue A, —

MUHUMATIbHbLE.

Annomayusn: E, melikunoueunoe Gepuneen Sku uenemoyy A, 6oiywmypyycy ocana awvin

OpPMO2OHANObIK MOYKMOoyycy 4, MUHUMATObIK bon20H yuypoa 4,

OONYUMYPYYCYHOOUPUKMUPULICEH — UWUPUHUH — JIIUNC  OOJIVULYHYH — 3APbLL  JHCAHA  HCEMUWMYY
wapmmapvl maowlieaH.
Abstract: Necessary and sufficient conditions in order that the joint curve of 2-dimensional

distribution 4, is ellipse in the case when the 4, and the orthogonal — complementary distribution

A, are minimal.

Knwouesvie cnosa: pacnpeoenenue, MUHUMANbHOE pacnpedeneHue, esKiIud080 NpOmCPaHcmeo,
NPUCOEOUHEHHASA KPUBASL.
Aukvlu co300p: Oo1ywumypyy, e8KIUOOUK MEUKUHOUK, OONYUMYPYyeo OUupukmupuicer utipu,

MUHUMATOBIK OOIYWUMYPYY.
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Key words: Euclidean space, distribution, minimal distribution, joint curve.

[Iycte  4-MEPHOCEBKIMIOBO  NPOCTPaHCTBO E, oTHeceHO K  HOABMIKHOMY — permepy
R= (X,éA) ,( AB,C= 1,...,4) . JlepuBanmonnsie Gpopmyisl perepa R UMEOT BUL:
s Az ~ Bz
dX=w"¢,, dé, =w, ;. 1)
o A B _
OpPMBL (@ ,() , YAOBJICTBOPSIOT ypaBHEHUSIM MHBAPHAHTHOCTH METPUKH:
_ K K
A9 = Jak @5+ Ge@ A
rae g, =€, -€; — KOBapHAHTHBIC KOMIIOHEHTBI METPHYECKOrO TeH30pa Ipocrpanctsa E, u
CTPYKTYPHBIM YPaBHEHUSM:
A_ B A B_ K B
Do” =" nwg, Do =0 A0 .
BK
KoHTpaBapuaHTHbIE KOMIIOHEHTHI (J METPUYECKOTO TeH30pa ({,g ONPEHeIITCs u3

COOTHOIICHHS
BK _ oK
Oas0 =0 2)
K
rae 0, — cumson KpoHekepa.
Paccmotpum B obnmactn (2 npoctpanctBa E, pacmpenenennme A, u  OpPTOrOHAIBHO

JOMOJHATENbHOe K HeMy pacmpenenenne A, . Bexropst €, €, pemepa R pacmonoxum B

IUIOCKOCTH AZ(X) , a4 BEKTOPHI §3,§4 B INIOCKOCTH A_Z(X), rne X€£2 . Ilpu stom

muddeperumansasie ypasuenus A, Gyuayr:

a)f‘zAf;a)A,(i,j,kzl,Z;a,ﬂ,7/=3,4), (3)
aTak Kak € € A 2(X), TO
o' =A",o" (4)
B namem perepe € -€, =0, cienoBarensHo
gia.gai :0 (5)
B cuny paBeHCTB (5) U3 coOTHOLIEHUH (2) MOTYYUM:
gia — gai :0’
U, CJIe0BaTeIbHO
gijgjk:é}kagaﬂgﬂy:5§- (6)
N3 cooTHomIeHni (6) nonyyaem:
dg' =—(9" 0+ g" 0} ), (7)
dg“/’:—(g"‘wa+g7ﬂwj‘). (8)

Mubdepennupys toxaecrsa € -€, =0 nmeem:
. o .
co'az—g' a)fgﬁa, a)f‘:—gija)‘ﬂgﬂ“. €)]
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Cucrema BeIMYUH {A iaj,/l Iaﬂ} o0Opa3yeT reomMeTpudeckuii 00beKT — (yHIaMEHTATbHBIH

obbekT mepsoro mopsiaka pacnpenenerus A, [1]. TIpy 9TOM KOMIIOHEHTHI A?j,/l iaﬁ 00pazyroT

« ..
TeH30pbl B oTxenbHocTd. Tensop A j B oOIIeM ciydae HE CHMMETPHYCH MO MHIeKcaMm |, | .

Benuuunbl
o 1 [0/ [24
H ij:E(Aij,—/lji)
00pa3yroT TeH30p.
Bexkropsl
IVl 1 ij4a = .
MZ_Eg A(ij)ea, (10)
M.=lg”Al @ 11
Z—Eg (aﬁ)ei- (11)

HA3BIBAIOTCS BEKTOPAMHU CPEIHUX KPHBU3H pacnpenenenuii A, u A2 coOTBETCTBEHHO (PUCYHOK
1).

Ay (x)

Pucynoxk 1.

Ecnm BekTOp cpemHei KpWMBH3HBI paclpelesieHHss paBeH HYIIO, TO paclpesesieHHe Ha3bIBaCTCs
MUHHMAJIBHBIM [2].

PaccmoTpuM ciywaii, xorna pacnpeneneune A, n A2 — MUHUMAIBHBI OJXHOBPEMEHHO.
ByzmeM cumTath, 4To penep R mpocTpaHcTBa E, opronopmupoBanssM. MHTerpanbHbIe IHHUH

A . =
" BeKTOpHBIX moJieil €, 06pa3yroT opToroHanbHyo cetb 2, B mpoctpanctse E, . Tak kak cerb

2/, OpTOroHalbHas, TO HMEEeM
ay =—ag (AB,K=1234) (12)
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B cuny (12) ycnoBust MunumansHOCTH pacupenenenunit A,, A2 npumyr Bux:

3 3 4 4
a, +a,=0, a;+a, =0, (13)
1 1 2 2
ay +a, =0, a;+a, =0, (14)
COOTBETCTBEHHO. YpaBHEHHE NpHCOeAMHEHHOH ((oKycHOI) KpuBoii pacnpenencuus A, umeer

Bua[3]:
2

(a131 agz - afz agl)(ys)z + (afl agz - afz agl)(YA) +

4 43 3 L4 3 44 3 44 \ 34 3 3 \,\,3
+(a11 Ay T8y, 8y — 8585 — 858y ) y'y _( 1t 8y ) y - (15)
4 4\, 4
—(af, +ay,)y* +1=0.
YpaBHeHHE TPUCOETNHEHHOH ((DOKYCHON) KPUBOM pacIpeieieHus A 2 UMeeT BUL:
1 41 1 .1 1)2 2 o2 2 .2 2)\?
(asa Ay — Ay a43)(y ) +(a33 Ay — 8y a43)(y ) + (16)
142 2 41 1 42 2 A1 \ly,2 2 2 \y,2
+(a33 Qg T 8558y, — 83 Ay — Ay, a43)y y _(ase, +a44)y +1=0
YuursiBasi(13) ypaBuenue (15) Hanuiiem B Bz
3 \? 3 .3 3)2 4\2 4 4 4)\?
((311 ) —ap a21)(y ) +[(a11) —ap a21](y ) +
4 .3 3 L4 3 44 3 44 \y\3y4
+(3-11a22 tay 8y —a,ay _a‘21a12)y y +1=0.
WA
3 .3 3\ |(,3)> 3 o4 3 4
|:a12 Ay + (all) (y ) + (3-12 R
) , a7
4 43 3 04 ) y\3,,4 4 4 4 4
—a; 8y — 8y, azz)y y +|:a12 a5 +(a11) :|(y ) =1
[ToTpeGyeM, 4TOOBI BBHITIOTHSIIUCH YCIOBUSI:
2
3,43 3
A8y + (all) >0, (a)
2
4 4 4
as,az, +(aj;) >0, ©)
3 44 3 44 4 43 3 44
83,8y, + 8,8, — 85,8, — &8, =0. (8)

Torma NMPpUCOCAUHCHHAA KpHUBasd paclpcaCICHUC AZ SABIIACTCA DJIJIUIICOM.

OO6patHo, ecnu ypaBHenue (17) ompenensieT SJIUIC, TO CIEAYET, YTO BBIMOIHIIOTCS
ycnoBus (a), (0). (B).
['eomerpuyeckuii cmbicn  ycimoBuid (a), (0). (B) 3akimoyaroTcs B CIEIYIONMEM
COOTBETCTBEHHO:
i “ A2 N
A, Ay + A >0, @)

an

un 3?2 .
y - Ay + A >0, (6"

/]1*2'/1*2*1_;]1,1'/]2*220! (8°)
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rIe

—

All? :np(xé s

i 2 - 3=
‘. 3)/112 =ape, taje;,

q 1 _ 3=
Ay = np(x'éz ’ég)Azl =y,

A2*1 = ”p(

gl 35, 4=
E. & )A21 =€ T axe,,

3%,

=aj 6, +a g, — 7 A, 6
A =a,€, »1€4 — BEKTOp, CUMMETPUYHBIA BEKTOPY /1,; OTHOCHTENBHO OHMCCEKTpUCE Yyriia

ot 1 3=, 4=
Ay = ”p(ms ¢ )An =ape; taye,

yl yl 35, 45
Ay = np(xyé?, ¢ )Azz = A€ T aye,,

e 4 = 3 = o
/122 =4a,,e; +a,,€, — BEKTOp, CUMMETPHYHBIH BEKTOPY A'22 , OTHOCHUTEJIIBHO OHCCEKTpHCE

A

—

yria | € ,€,
A, =d€, A, =dg,, A;,=dg, 4,=d8,,
rjae di — cuMBOJ U depeHIpoBaHUS BAOIb JIMHUU .

W3 BBIIIEN310)KEHHOTO CJICAYCT

Teopema. IlpucoennHenHas KpuBasi K pacupesencHuio A, sBIsSeTcs 3IUIUICOM TOraa

TOJILKO TOT/Ia, KOT/1a BHITMIOJTHEHBI yCiIoBus: (a), (0), (B).
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YAK: 517.955.8

AJIKAK YUYH BUCHUHTVJIAPABIK KO3T'OJIT'OH JUPUXJIEHMH MACEJIECUHUH
YbII'APBUIBIIIBIHBIH XALITAIIBI XKAHA JXAJIT'BI3AbII'bI

CVIIECTBOBAHME U EAMHCTBEHHOCTD PEIIEHIS BUCUHTYJISIPHO
BO3MYILEHHOM 3AIAUM JAUPUXJIE 1151 KOJIBLIA

EXISTENCE AND UNIQUENESS OF THE SOLUTION OF THE BISINGULARLY
PERTURBED DIRICHLET PROBLEM FOR A RING

Opo3o06 M.O., OwuuM Yuyn acnupanmeot,
Mamamaoyeaesa M.U., Pamankynoea ILI.A., OwuM Yuyn mazucmpanmmapot

Annomayun: beneunyy o6Ooneonoon, ap xaumoau QUIUKANBIK MYHO3002y CMAYUOHAPOBIK
npoyeccmep, MUCAIvl, OUD@y3us, mepmeryyiop, HoliyyiyK 6mKOPYMOYYIYK Hc.0. KUdUuHe dHce YOH
napamempiepou KammuleaH OIIUNMUKATBIK Munmeau menoemenep MeHen cypemmonom. byn
napamempiepour MaceleHur YbleapblibldblHA MUlieuzeen madacupur aHblKmoo akmyandyy maceine
bonyn camaram. Makanaoa dcocopky mapmunmeu myyHOVIAPObIH ACMbIHOA KUYUHE Napamemp
KAMbUUKAH SKUHYYU MAPMUNME2U CbI3bIKMYy OUp mekmyy smec dJIUNMUKALbIK MUNme2u Jicexkeye
myyHoyny ougpepenyuanovik meyoeme kapanam. byn meyoemenun uvieapvliviuisl yuyH Jupuxienun
wapmel Korwneau. TeyoemeHun 0320461yKmepy: 94 HCO2OPKY MYVHOVIAPOLIH ACMbIHOA KUYUHEKell
napamemp Kamulam JHcana ded bliaublk Ko32010020H meyoeme 032046 atianaza 33. M3uideonyH
maxcamul - Jlupuxie macenecunun YbleapuliblUUbIHbIH HCAUAUBIH HCAHA HCANCIZ0bICbIH 0ANUI000.
Konoonynyyuyycynoap: eseepmyn my3yy, ouggepenyuandvik 6apabapcovl3obik, KUUUHeKell
napamempycynoapul. Aneaukepekmyy aublKmamaiap KelmupuiceH, aHoaH COH Heau3eu meopemd
oanunoeneen. MvinOan coipmkapvl KuuuHexel napamemp YCYIYH KOAOOHYN, USULOCHUN JHCAMKAH
MaceneHur OUCUH2YIAPObIK IKEHOUSU OANUTIOEHSEH.

Annomayusn: Kax nam uzeecmno, cmayuoHapHvle npoyeccvl pasiudHou Gu3uieckol npupoobl,
Hanpumep, oug@ysus, KoaebaHus, mMenionpo8OOHOCMb U Op. ONUCHIBAIOMC  VPABHEHUIMU
IIUNMUYECKO20 MUNA, KOMOopble codeparcam aubo manvie napamempsl, 1ubo borvuue. Onpedenums
BIUSAHUE DMUX NAPAMEMPO8 HA peuleHus 3a0adu A61semcs aKmyanivHol npobnemou. B cmamove
paccmampusaemcst  uHeliHoe HeoOHOPoOHoe  OugepenyuanbHoe ypasHeHue 6  HACMHBIX
APOU3BOOHBIX 8MOPO2O NOPAOKA DIIUNMUYUECKO20 MUNA, C MAIbIM NAPAMEMpPOM NpU CMApUIUX
NPoU3BOOHbIX. [[Nsl pewieHue 5mo2o ypaeneHnus cmagumvcs ycaosue Jupuxie. Ocobennocmu
VPABHEHUs: NPUCYMCIMEUE MAN020 NApAMempa npu CMAapuiux npou3BoOHbIX U COOMBEmMCcmsyujee
HeBO3MyWeHHOe YpagHeHue umeem 0cobylo okpyxcHocms. ILlenv uccredosanus — oOoxkazams
cywecmeoganue U eOUHCMBEHHOCMb peuleHuu 3adauu JJupuxie. Hcnonvsyemvle Memoowl.
npeobpazosanus, Ou@@epeHyualvHblx Hepagencms, Mano2o napamempa. B nauanenpusoosmcs
OCHOBHble OnpeoeleHus, 3amem 00Ka3vleaemcs OcHo6Has meopema. Kpome smozo ¢ nomowvio
Memooa Manozo napamempa 00KA3aud, Ymo ucciedyemdas 3a0a4a a6iaemcs oOu CUHeYIAPHOU

Annotation: As we know, stationary processes of various physical nature, for example, diffusion,
oscillations, thermal conductivity, etc., are described by equations of an elliptic type that contain
either small or large parameters. Determining the influence of these parameters on the solution of
the problem is an urgent problem. The article deals with a linear inhomogeneous partial differential
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equation of the second order of elliptic type, with a small parameter at the highest derivatives. The
Dirichlet condition is set for the solution of this equation. Features of the equation: the presence of a
small parameter at the highest derivatives and the corresponding unperturbed equation has a special
circle. The purpose of the study is to prove the existence and uniqueness of the solution to the
Dirichlet problem. Methods used: transformations, differential inequalities, small parameter. At the
beginning, the main definitions are given, then the main theorem is proved. In addition, using the
small parameter method, it was proved that the problem under study is bisingular.

Auxvtu ce30ep: [lupuxie macenecu, 632040AUIAHA, IIUNMUKAILIK Munmecu meyoeme,
CUHYTIAAPOBLIK KO320]I20H MAceile, OUCUHSYTAPObIK Maceie, KUduHe napamemp.

Knioueenie cnoea: 3aoaua ﬂupuxﬂe, ocobas OKPYICHOCNb, YypaeHeHUue sjulunmudecKkozco muna,
CUHRYIAPHO 8O3MYWEHHAS 3a0a4a, OUCUHSYIAPHAS 3A0ayd, MAJbIL NApamemp.

Key words: Dirichlet problem, singular circle, elliptic equation, singularly perturbed problem,
bisingular problem, small parameter.

MaceJjieHHH KOIOJIYLILY

benrunyy 6onronnoi, ap kannail GuU3MKaIBIK MYHO3OTY CTAIlHOHAPABIK MPOIECCTEP, MUCAIDI,
mubdy3us, TepMenyylnep, KbUIYyIyK OTKOPYMIYYIYK >K.0., KHYMHE € YOH IapameTpiepiau
KaMTBhITaH OJJUTMOTHKAIBIK TUITETH TEHIEMeNep MEHEH CypeTTeneT. byn mapamerpiepauH
MaceJICHHH YbIrapbUIbIIIbIHA THHTU3MEH TAaCHPUH aHBIKTOO aKTyaaayy macesie Oonym canamar[l]-
[4].

TeMeHKy uek apalibIk MacesleH! U3NJIenoun3

eAV(p, ¢,8) ~Yp—(p,0,£) =F(p,9),  (p,p)eD, 1)
VL @.g) =y (@), V(a,¢,8)=y,(¢), ¢<[0,2n], )
MbIHIA € — knuuHe mapamerp, D={(p,9)|1<p<a,0<p<27}, ne N, FeC”(D), yeC”[0,

27, k=1, 2.

(1)- oKMHYM TapTHOTErW SKU ©3repYJIMONYY CBI3BIKTYY, OUp TEKTYY 3MeC 3JUTHITHKAIBIK
”? 106 1 ¢
op” pop p

JlamnacTeiH  YIOJNAYK KOOpJHMHATANAp CHUTCTEMAachIHAArBl —omeparopy, 4/p—1 — TeHnemeHuH

TUNTETH JKEKede TYYHIyly aud@epeHuuaniplk TeHAeMe, MbIHIa A=

MOTEHLHUANbI, N — TAMBIPJBIH KOPCOTKYUY.

(2)- Iupux/ieHNH YeKTUK MIapTTaphl.

Jupuxnenun Maceiaecu: D anxakra (1- cyper) (1)- TeHIeMeHH KaHaaTTaHJBIPHII,
p=L0<¢p<2r acana p=a,0<@<2m 4dYEKTUK allaHanapja, THEIIeNyY Typle, OepuireH

v, () orcana y,(0), ¢€[0,2n] dynkumsutapra Gapabap Oono Typranmait V(p,¢,e) Oenrucus
GyHKIUSHBI TaOyYy.
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Hermsru KBIMBIHTBIK

1-teopema. {upuxnenus (1), (2) MaceneCMHUH YbIrapbUIbIIIBI JKAIIANT jKaHa JKajrbl3.
Jammanee. blaraitnyy Oomymry yuyH (2)- Oup TEKTYy 5MeC Y€K apaiblK MIapTTapabl Oup
TEKTYYTO aJIbIl KesieOu3. Al YIYH TOMOHKY ©3TepTYII TY3YYHY aTKapaOsI3

WV, (@)(p-D) +vy,(p)(@-p)

v(p, ¢, €) =U(p,,€) +

a-1
anpa (1), (2) macene TOMOHKY KOPYHYIIKO KEJET:
eAu(p,9,€)—Yp—u(p,9.8)= f(p.p.e),  (p.p)eD, ©)
u@ e,e)=0, u(a ee)=0, ¢el0,2n], 4)

MBIHA

f(p,9.€) = F(p,9)+p—1 Vo (@)(p ‘1;J:\lfl((P)(a— p)

_e(va(0)~wi(9)) ey, (@)p-D+v"(e)(@-p))
p(a-1) p'(a-1
Orepne (3), (4) Macene »anrel3 YblrapbUIbllika 33 0Oonco, anma (1), (2) Macenenunna

YBITAPBUIBIIIBI J1a )KAIIANT jKaHa all Kalrbl3 00JOT.

(3), (4) ™aceneHUH JKaiurbl3 TaHa YBITAPBUIBIIIBIHBIH JKallallblH  JU(QepeHIraIIbIK
Oapabapch3ABIKTap YCyly MEHeH manmwineious, [5]-[6]. KepekTyy aHbIKTamamapasl 3CKe CabII
ay1abbI3.

1- awsikmama. Drepme U'(p,p,e) kaHa U}K(p,(p,s) ¢byakusIapel ToMeHKY (5) xaHa (6)
6apabapchI3AbIKTap/Ibl KaHAATTAHABIPBINICA, aHAa Oyl (PyHKIUSIIAp THEIIENYY TYPAO MOMOHKY KaHa
J#C020pKY YbITApbUIBIIITAPHI JETl aTajatr

Lu"(p,¢,€) >0, Lu™(p,9,e)<0, (p,)eD, (5)
u' (@ g,e)<0<u™ (@ o), u'(a,p,e)<0<u™(a,g,€), pel0,2n], 0<e<<l, (6)
Meiga L oneparopy: Lu = eAu(p, @, &) —«”/p—lu(p, ¢,€)— T (p,p,€).

busre [5]-[6] sxymymmTan Oenrminyy 00roHA0H, srepae ToMOHKY (7) 6apadapChI3IbIKThI
KaHaaTTaHIBIPras U’ (p,(,€) TOMOHKY kaHa U (p,(,€) JKOrOPKY UbIrapbUIBIIITAp JKALIACA,

u"(p.g.e) <u™(p.9.e), (p,9)eD, ()
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anna (3), (4) maceneHuH U(p,(,€) YbIrapbUIBIIIBI JKAIIANUT jKaHa ajl YbITAPbLIBII TOMOHKY
OapabapcChI3ABIKTAPIbI KAHAATTAH IBIPAT:
u"(p,.8) <u(p, o) <U™(p,p.€), (p,9)eD. (8)
OIIOHIYKTaH, a1rad TOMOHKY U (p,@,€) jKaHa 0ropky U™(p,@,€) YbIrapbUIBIIITAP/IEI

Typry3aosbi3.
~ T M 2 2 K M 2 2
Meiinu U’ (p, @, €) = —2—(2a —p), u”(p,p,€) :2—(2a —p°) GoncyH, MBIHAA
€ €

2¢f (p,,€) |
4g + (2a° —pz){‘fp—l"

Anna (p,) € D, 0< & <<1060ar0H10 TOMOHKY OapadapChI3AbIKTap Il alla0bI3:

Lu" =eAu" (p, 9, 8) —Yp—1" (p,,&) - f (p,p,€) =

:8[M+Mj+ ! tfp-1(28° —p*)M — f (p, ¢, 8) =
s €

O<e<x<l.

M = max
D

e ) 2
M
:(4a+(2a2 —pz)x”/p—l)z—g— P, 0,8) =
4e+ (2% —p*)yfp-1
=( e+ ( PP ) M — 2¢f (p, 9, €) >0 =Lu'">0, (pe)eD;
2 4c+(2a° —p”)efp-1

Lu™ = eAu™ (p, ¢, &) —{p—1u™ (p, 9,€) - f (p, 0, 8) =

=—8(M+Mj_2ign‘/p_1(zaz —p )M~ f(p,¢,€) =

€ €
:_(4g+(2a2 —pz)«”/p—l)zMg— f(p.¢p.e) =

4e+(2a° - pz){‘/p -1
=—( ) Vp—i L) <0=Lu* <0, (p,¢)eD.
2¢ 4e+(2a° —p*)Yfp-1
Bus s ToMeHKy U' (p,@,€) kana xoropky UX(p,¢,e) dbirapsuisiTap yayH (5) maprrap opyH

anar ’KeH. OMu (6) mapTTapabl TeKmepeous:

u" @, ¢,e) = —M(Za2 -1, v ¢,e) = M(2a2 -1);
2¢ 2¢

M M
u’(a,p,e)=——a* u* (L ¢e)=—2a’
2¢ 2¢
OyJ1 TYIOHTMaJIap/bl CAJIBIITHIPHINT TOMOHKY OapadapchI3AbIKTapAbl alla0bl3

—M(Za2 -1)<0< M(2a2 -1; MecocMyp
2¢ 2¢ 2¢ 2¢

Jlemek, (4)mapTTap garsl aTKapbuiaT SKeH.
(5) 6apabapch3aABIK 1arkl OPYH ajaTt, cebeoun

M M _
—2—8(2612 -p?) 32—8(2612 -p*), (p,¢) e D.
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bu3 tanpan anran ToeMeHKy uT(p,(p,s) JKaHa )KOTOPKY ux(p,(p,s) ypirapbuisimrap (5), (6) xxkana
(7) maprrapabl KaHAATTaHABIPTAHBITHl YUYH (3), (4) MaceIeHHH YbITapbUIBIIIBIHBIH Kalllalllbl

KeNuI ybirat. UbIrapbuUlbIIThIH sKanrbi3abrei kepeotyy yayH T (p, @) =0 6Gomnrongo,
u(p,p,€) =0 nyn kenun YbIreImbIH 6aiikoo KETUIITYY GOJIOT.

(8) 6apabapchI3IbIK TOMOHKY KOPYHYIIIKO KEJIeT:
M M _
—5; 2 —p)sulp.gie)< -(27—p%), (P.9) €D,

Oy akbIpKbl Oapabapcei3abikTaH (3), (4) MaceleHUH YbITapbUIBIIIBI YIYH TOMOHKY 0aa KeJHII
YbIrar:

|u(p, o, s)| < ZM(2a2 -1, (p,p)e D, 0<e<<1.
€

1-Teopema nanuIICH IN.

Kapaneim sxatkan (1), (2) JupuxsieHHH ajKkak y9yH MacelecH 3K (KOIII) 63roueIyKKe 33:

1) & xuumHe mapamerpauH (1)- TeHIeMene >KOTOpKY TYYHAYJApIbIH acThIHIA KaTBIIIBII
KaTKaHIbITbl. baapeiObi3ra Oenrminyy OONTOHIOW, MBIHIAW TEHIACMEHU CHHIYISIPABIK KO3TOJITrOH
mubdepeHIMaNABIK TeHIeMe Jen aTaifobiz. CeOebu, srepae dopmanayy Typae € KUUUHE
napaMeTpaArH MaaHUCHH HeJI Jien ancak, 0.a. €=0, annaa (1)- AeH TOMOHKY MPEACIANK TCHAEME KEIUII
YpITaT

—Yp-W(p,9,00=F(p,0), (p,9)eD

OyJ1 TEHIEMEHHH YbITapbUIbIIIBI (2)- YeK apajblK MApTThl KaHAATTaHbIPOAMNT.
2) MpeeIuK TeHICMEHHH YbITaJTBIIIIbI

F(p, )
p—-1

V(p! ?, O) ==

6onoT, sxana Oyn pynkmus (p, ) € D aiimarsinga quddepennupnentoody 6oIoT.
VY1rys €3reuenyKTy THIIKB ACHMITOTHKAIBIK YbITAPBUTBIIIKA TAACHPUH M3WIAeon3. Knunne

napamerp ycyinyH Koanouyt, (1)-(2) MaceaeHUH ThIIIKbI ACHMOTOTHKAIIBIK YbITAPbLIBIIIBIH TOMOHKY
KOPYHYIITO U3UIAEHOU3:

V(p,¢.8) =Y eV (p,9), 0. (9)
k=0
(9)- xarapaes! (1)- TeraeMere anbin OapbIn KOeOy3:

> e (A1 (P )~ Yo (p,0) )~ Yo% (p,0) = F(p, ), (p.9) € D.
k=1
Byn xepnieH ToOMOHKY KaThIIITap bl ana0bI3:
~P=1%(p.9) = T(P.9), P-1V(p.9)=AV,(p.¢), keN.

aHa Oenrucus Vi(p,p) QyHKIMITapbIH aHBIKTalObI3:
f(p. o) v, (p,9) = AV (P @) .

VO(p,(P):_\/m’ \/ﬁ

Meanas Vi(p,) GyHKIUSIIAPBIH TOMOHKY KOPYHYIITO Ka3bIIT aladbI3:

u, (p, ) =O((p—1)7(5k+1)/2), p—>1keN,=012,..
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Omonaykran (9) 6apabapAbIKTEI TOMOHKY KOPYHYIITO »a3yyra 00JIoT:
k

1 & _
U (p,,8)= 3| == F.(p.9), &>0,F eC”(D),k=012,.
P-113 {(p-1y°
Kopyrynny
Jemek, (1)-(2) MaceneHuH YbIrapbUIBIIIBI JKaIrbi3 9KeH. (9)-kartap (1), (2) macenenun {(po,¢)|
1+65 < p<a,0< @< 27 aiimakTarsl raHa YbITAPBUIBIIIBI 00JIOT IKEH, JKaHa OyJT YbIrapbUIBIII O = a

aitnananaU(a, @, €) = Y, (¢) waprrsin kanaarTanabp6aiT. MbIHIAH CBIPTKApEL {(0, @)

1<p<1+ &°0< @ < 27} aiimakTa (9) KaTap aCUMITOTHKAIBIK MYHO3YH YKOTOTOT, 0.a.
ACUMITOTHUKAJBIK KaTap 060110 anbairT.
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YIK: 625.7+622.411.5

TEXHOJIOI'MAJIBIK XXOJIJOPAOTI'Y HAHAY VIIYKTVYH JINTOCOEPAT' A KOPCOTKOH
TAACHUPUH U3NJIJ166 XXAHA YAH/Ibl TOMOH/JI60TYY XKOJIJJOPY
NCCIEAOBAHUME BJIMAHUA 3ATIBNIEHHOCTU HA JIMTOCOEPY U CHUXKEHUE
INBUJIEHM S HA TEXHOJIOTMYECKHUX JIOPOI'AX
RESEARCH OF INFLUENCE OF THE DUST CONTENT ON LITOSPHERE

Bopooves A.E. m.u.o., npogpeccop, Poccus, Mockea wi. e-mail: fogel al@mail.ru
Hlamwmues O.111. 2.-m.u.0., npogheccop, Keipzvizvicman, Koizotn Kots.;
Maoaesa M.3. Yeuen Pecnyonuxacet, I po3nslii u.

Aunnomayusn: Jlumocgepaca yayovin muiieuzeen Mmaacupur U3UIOOOHYH HAMBILICALAPbL KeAMUPUIUN,
OHOp Jicall HCONOOPYHOazbl 4andbl asaumyy uapanapvl kepcomyndy. Tynoyx Kasxazowvin xapveprepunoecu
YaHObIH OYI2AHBIUBIHBIH MAAHUIEPUHUH KAMbIUWUMAapsl 0aaianam.

Yayovin KypamviHbln aumocgepaza muiieuseer madacupur UsUi00OHYH HAMBIUNCAIAPLI KeamupuieeH
JHCAHA MEXHOLOUSLILIK HCONO0POO YaHObIH azalibiuibl Ootonya uw-uapanap kepcomyneon. Tynoyx Kasxazovin
AqbIK WAXMANapuinoa 4YaqobiH OY12aHbIUbIHbIH MAAHUIEPUHUH napumemmepu 6aaianam.

Annomavusa: Ilpeocmasnenvl pe3ynvmamvl UCCIE006AHUA GIUAHUSA 3ANbUIEHHOCMU HA aumocgepy u
NOKA3aHbl MEPONPUAMUS NO CHUICEHUIO NblLIEHUs HA mexHono2udeckux oopozax. OyeneHvl cOOMHOULEHUS
3HaueHull nvliesoeo 3azpasHeHus Ha kapbepax Ceseprozo Kaekasa.
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Annotation: The results of a study of the effect of dust on the lithosphere are presented and measures to
reduce dust on industrial roads are shown. The ratios of the values of dust pollution in the quarries of the
North Caucasus are estimated.

Results of research of influence of a dust content on lithosphere are presented and actions for dust
decrease on technological roads are shown. Parities of values of dust pollution on open-cast mines of the
North Caucasus are estimated.

Aukbly co300p. 1umocghepa, mexHoeeHOuK Oyneauyy, Kapvep, 4aH, KaloblKk CAKMOooy)y Hcall, AulaHa-
4eupeo.

Knroueenie cnoesa: ﬂumocqbepa, MmexXHO2eHHoe 3depA3HerHUue, Kapovep, 3ansvlijieHHoCNb, X60CMOXpanuiuuie,
OKPYHCAIOUWAs Cpeda

Key words: lithosphere, technogenic pollution, quarry, dustiness, tailing dump, environment

CanoHckuii KOMOAHBIHBIH HIII YOMPOCYHIO a0aHbIH OyITaHyyCYH H3WII06 YVIYH XKep-)Kepiepiae Taia
UIITepu KYpry3yiany. JKepauH penbedu rxaHa METEOPOJOTHSIIBIK TapaMeTPICPUHHH ©3TOUYOIYKTOPY
aTMoc(epaHbIlH CanaThblHBIH KOCMOC MEHKMHIWTUMHAE JAa, yOarslHAa e3repyyCYHYH maima OomylryHa,
OLIOHIOM 3JIe JKepAe KYH aKTUBIYYJIYTYHYH (KYHIYH ©HYTyOly MEHEH) HWHTCHCHUBAYYJIYTYHYH
JKOTOpYyJIAIlIbIHA, AaTMOC(EPaHbIH YAHAYYJIYK JCHIDUIMHUH ©3TepyIIyHe ONyTTyy Taacup THUilrusepu
AHBIKTAJIIBI.

JleM anyy 30HACBIHBIH JCHTIAIHHICTH abagarsl YaHIblH AWHAMHKACHI KYHIY3 sKapblk Mesrumusme (1-
CYpeT), OWIOHIOW 3j€ Kamubiraiimarsl abama BepTUKANAYy OOIOHYA BEPTHKAIh OOIOHYA OCNTHICHIH.
ApxoHckul maxTachiHbIH NO 22.
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1. Kynoys orcapuoix meseunoe ammocoepanvin YCmyHKy KammapblHoaebl aOAHbIH YaHObI2bL
AWMAaKTBIH 3KOJIOTHSCHIHBIH KAJBINTAHBIIIBIH/IA, OIIOHION )€ TEeXHOJOTHSUIBIK KOJIJ0P, Kapbep jKaHa
TAIITAHJBl JKANIAPBIHBIH OTYPryYTAPBIHBIH JKAHTAWBIHKBI KaHa I1aThopManapel, KaIIblK CAKTOOUY
JKalnapAbpiH Kyprak TUBDKIAphl, TaTyc, KeIuMIeedy KOHYCTap jkKaHa Oalikanap ChISKTYY YaHJbl KETUPYYIY
Oynakrap (>kanmbl kenemays 60%) taacup aret (2-cyper).
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18% a% 2
34%

%

4 3
29% 6%

2. TYH,I[YK KaBKaB)_H:IH KapbCpJICPUHACTU YaHIbIH 6y.]'IFaHI>IHIBIHLIH MaaHWJICPUHUH KAaTBIIIbI:
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1 - cxkBaxxuHANMAPABI OyPrymnoo; 2 - KaTyy Kapbeulyy; 3 - TOO MaccachlH Ka3yy *aHa XyKTee; 4 - ToO MaccachlH
Tamyy;, 5 - TOO TeKTepuH OailbiTyy; 6 - OeTTepauH daHmaHyycy (KapbepOWH OTYpry4Tapbl >KaHa
JKaHTaliMasapbl, TallTaHABLIAp YKaHa KaaabIKTap k.0.)

W3unpeenyH XypymyHae, aba KeIHMBUIBIHBIH ap KaHIai BUIAAMIBIKTApBIHAATEl YaHIYY OeTTepreru
a0aHbIH YaHBIHBIH KO3KAPaHbUIBITE aHBIKTAIABI (3-CYpeT).
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3. Vv maManabiH bULIaMIBITBIHIA YIOIIyNIOaran OynakrapnaaH (daHnayy OerrepreH) aba 4aHBIHBIH

KypaMbIHJarbl SV €3repyYJAepAYyH UHPHU ChI3BIKTAPHI:

a) Oamranksl Marepuangad, HeiMayynyk 0,1 = 0,2%: 1 - f = 12 + 14 menen yiynreH pyna; 2 -

CKapHUpJIeHreH Mpamopiop, = 13 + 15; 3 xana 4 - porosunanap, f= 13 + 15 xana f = 18 + 20;

0) wanapiH HEIMAYYIYTY (f= 16 + 20 MeHeH ckapHaTTairad mpamop): 1 - 0-1%; 2 - 3-4%); 3 - 5-6%; 4 - 7-8%.
XKep ycryHmery KOMIUIEKCTEP/E jKaHAa aBTOMOOMIIb XKOJJIOPYH/Ia a0aHbIH OyJITaHBIIIBIHBIH OyJaKTapbliH

KaAIBUTAAHABIPYY YUYYH 4YaHAbI KaHa Ta3abl HeﬁTpaHI[aHITBIpyyHyH ap KaHJlaﬁ TEXHOJIOTrUAJIapbl UINTCIIUIT

yblkKaH jxaHa koygoHyirad (OZ-1, OK-1m koHyc jkaHa KOJI 4YaThIp TYPYHIOry Cyy-aba HacoCTOpy) Xe

cyrapyydy >KOJIOp. BHpOK, Kapajblll jKaTKaH MiapTrapia, KYHecTyy a0a bIpaiiblHIa y3aK MOOHOTTYY OH

HaThIlXka OepOeiT (4-cyper).
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4. Texnonocusiivik (Kapbepouk) Masucmpaidapoa Yayovl OACYVHYH HAMBLUNCATYYIYEY:
1-cyy; 2-PAA

Wzunpeere wImailblk, KOJAOPMY WIATBII Talll MEHEH JKAIIBUIIAHIBIPYYHYH 3()QeKTuBayY KapaxaTbl
YaHBI YbIIaN Oaijan TypraH MaTeprualiiap MCHEH JKep YCTYH HInTeTyy O0omiroH (1-tabmura).
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1-taéauua

Kanramajapapl OMpruHYM HINTeTKEH/IEH KHIUH MaTepHAIapAbI YAHAAH Ta32J100 HII-APAKETHHUH

Y3aKTBITBI
Our100 1 M2 maiinajsanran Kyuyne kupyy
Marepuan —— TAIIKA KepeKToo MOOHOTY, KYH16p
K03 puumenTH

TexHUKaNbIK KaJIbLUI XJIOPUIH

a) Ky#rex kg 0,6 +0,7 10-20

0) spuUTHIreH kg 0,7+ 1,0 10-20
®docdar HHrHOUpPIICHIeH KaNbLUii kg 0.7 =08 15250
xnopuau (CPA)
CWJIBUHUT TOTYHIYJIOPYHYH TEXHHKAJIBIK TY3) kg 12+16 12-15
(xaryy)
TexHuKaIBIK JIUTHOCYIb(haTTap | 1418 15-20
(roHtIeHTparusIch 50%)
Jluraomop | 1.4+ 1.87 20-40
Cynpdur menoky (10% xoHIEeHTparwst) | 3.5+5.0 10-15
CyroK OUTYM KaHa JalbIp I 0.7+ 1.07 15-45
butymayk smynscusiap | 1.0+1.3 15-45
Yuiiku Maiinap | 0,7+ 1,0 15-45

Hsunneenep kepceTkeHAel, 3pdekTuBayy yanapl 6acanmatyydy kapaxat (0.5710,4)% noauakpuinamMua

(PAA).

VYuryn ane cyy, XKIIBbubH 8 60IyMyH/Ie MarHUTTHK Ta3aJ00/I0H OTKOH, YIIYHJal 3JIe HAThIDKATyyITyKKa

93. Ymyra OaiinmaHeluTyy, 4aHgel Oacyy YYyH, cyy TYTYKTOpY 6Hep >kail macmraOblHIA KOJIJOHYIYI,

JKI1bubIH 8 66IYMYH/® WUIITETHIITEeH.

2 Ttabmuia MacmTabra kapmbl MarHUTTUK Ty3yaymTyH (PMU) 4-8 xym TypykTyy MarHHTTEpUHIIE

©TKOH/I0H KUIHH, TEKLIIEPUWITeH CYyIapAblH OCTTHK aKTUBAYYIYTYHYH MaaHUJIEPHH KOPCOTOT.

cTo 2
KuiinH cblHAJTaH cyyJapAbiH 0€TTUK YbIHAJIYYCYHYH MAaHHCH
JKTIB MeHeH HITeTYY, AUH / cM®
Ysinaayy 6etn
Cyy Oyaarsi Kllbaa marmirrouk HINTETYYAOH — Nmrernarengen
AapbLI00 N
MYPYH KHITUH
4 74.6 46.0
ADpXOH IIaXTacbIHaH 6 74.6 48.4
8 74.6 45.3
4 73.1 40.1
ApIIOH 1apbIsChIHAH 6 73.1 42.4
8 73.1 40.2
4 72.5 27.5
Cyy 6TKe3TY4 apKbUIyy 6 72.5 40.4
8 725 30.5
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Tomypakka sK0IOTHSIIBIK 0aa Gepyy YUIYH, KBIPTHIII TOPH30HTYHYH MHUKPOSJIEMEHTTEPUHUH TeHE3WCHH
aTalblH M3MIeeNep Kypry3yiareH. KoprouryH MeHEeH HMHKTUH MAaKCHUMAJAYy KypaMbl XKep KbIPTHIIIBIHBIH
JKOTOPKY KaTMapiiapbl MEHEH YeKTeNWI, Oyl TOIypaKThIH Oyl JJIeMEHTTep MEHEH TEeXHOTSHAWK KEeJIHII
YBITBIIIBIH TACTHIKTAWT. KoOpromryH MeHeH NHMHKTHH K01 OepHireH 5H JKOTOPKY KOHIIEHTPANWsSCHIHA
CaNBIITBIpMaNyy OyH Oenymrypynayuy CypeTTe KepceTynreH. Ger.

[waousay = T -
N

[T

n. B.SHaraoH

5. TomypakThIH YCTYHKY KaTMapbIHAarbl KOPTOMIYHIYH Tapamsiiisl ([l3aypukay cTaHIIUSICHIHBIH
asHThI, OceTus)

TormypakTbIH KOTOPKY KaTMapblHAa 00p METAJULAAPABIH TONTONYIY KBIHMBUILYY hopManapasiH Onorara
OTYIIIYHO, aHBIH MUUHJIE OUP KBUIIBIK OCYMIYKTOPIo: KapTOIKa, KallycTa )kKaHa Kol )KbULABIK, aTMypyT KaHa
anMa.

OmreHTHIT, HETM3TH SKOJIOTHSUTBIK Ty3Yy4uy Oymakrtap sxana [ITCTuH uir-apakeT 4edpecyHIeTry aiiinaHa-
4yelpeHYH OyJraHyy napameTpiiepy aHbIKTajasl (6-cyperT).
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6. CadoH Kop2ouyH-YUHK 3A800VHYH ULUMOO YOUPOCYHOO2Y MONYPAKMbIH NPODUIUHOE2U YUHK MEHEH
KOP2OWYHOVH KYPAMbIHOA2bL 320Dy YA6D

ABToMarucTpangapaarsl 4anasl Oacyy yuyH, BTY-38-3028-75 punaiiblk, 4angsl Oaifmam Typran
VYHUBEpCHH areHT ChlHanraH. YHuBepcuH 50-60 TOHHA XKYK Tallyydy TEMHUP KO BaroHIOPYHIa KOJIOHYyyTa
nasp. Cyyny Oup a3 CHHHUpET, YyJIaHIbIpOailT.
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YHuBEpCHHAN KOJMAOHYY abaHBIH YaHBIH CTaHAAPTTHIK AeHrdare deinH 20-30 KyHAYH apaibIrbIHAA,
GaITaIKbl TA3a00 yaypyHaa 2 1/ M” jkaHa Kajitanan cyrapyy ydaypysaa 0,5 1/ M° 4bIrbIM MEHEH asaiiTyyra
MYMKVHIYK Oepam.

PynmaHpl TamplraH HETH3TH KOJNJOPIO Kep YCTYHIOTY >KaOyyHyH ap KaHjgad ¢opMynanapbl Jarkl
W3WJIJICHTCH.

AB 4YalbIpbl KOJJIOHYITAaH >XOIJOPAYH Oallkapyy THIKEIEPUHIC XYPry3YJreH >KapblM ©Hep Kal
CBIHOOJIOPY KOPCOTKOHI0H, OMpHHYM KYHIepY (OMpUHYM 5 KYH/I9) aBTOYHAAJIAP.IbIH KbIHMBLIBIH KYPry3yYae
YaH/IBIH YBITBIIIBI IIPIHK JKOK, OUPOK "KapBUIBIKTHIH" KaTOOCy KECKUH KOTropynaiT (7-cyper).
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DaneHue (P), mm pr.cT.

7. XKonoy cyeapeanoarn Kutiun 4anobl 6ACYYHYH HAMBLUNCATY YY) :
1, 2 - 6awmanxer mazanoo (acanem, waevin mawi); 3, 4 - kaupa uwmemyy (acganom, wiazoin)

O1o a51e HKOJT TUITKEIEPHH Yalblp MEHEH Kaiipa UINTEeTYY aHbiH 3)()eKTUBAYYIYTYHYH y3aKkThirsl 18-19
KYHI® 4eWHH JKOTOPYJaraHbITbIH KOPCOTTY, all SMHU ac(halbT MEHEH aObUIraH >koiiopao Ab dailbipbiHbIH
CaJIBIITRIPMANYy YbITBIMEL 0,3 - 0,5 e/ M2, aJl 5MU MaiiiajaHrad Tam MeHeH kanranrasaap 0 Ty3ay , 8 - 1,0
e/ m? (3-rabmmma).

3-Tadauna
Kaiipa Ta3a/10010H KHHMH JKOJTOPAYH KAHBIHAATBI 2021arbl YAaHIBIH KypaMbl

7Kou xabyyHyH TYpY KaiiTanan n1apbli0010H KHITHH a6aarbl YaHAbIH KypaMbl,

— Mr / M3, y3aKKa c03yJIT'aH Japbli100 MEHEH, KYH
YalibIpaAbIH YbITBIMBI,

am3 / m2
acdanpT MaiaJaHraH Tall oem OH OH Oern 20
0.3-0.5 0.56 0.75 1.25 2.04
0.8-1.0 0.60 1.0 1.50 2.05

Anvonayk mnomuakpwiamMua(PAA) - akpuIaMuIIMH JKaHAa aHHOHAYK KOMOHOMEPIWH (HETHU3HHEH,
HATPUH aKpuiIaTTapbl MEHEH aKpWJl KHCIOTACHIHBIH HAaTPUH Ty3Japbl) SPKHH paJuKal HOIUMEPU3ALUSICHI
MEHEH CHHTE3JIeJIleH HPH MOJEKYNaJblK MaKpOMOJEKylajdapAblH YH-OyJIeCYHYH >KajImbl aTajblbl. By
THUAPOIU3ICHTEH aKpUIIaMHJ] MOHOMEPJIEPHHEH JKacalraH CHHTETUKAIBIK ChI3BIKTYY TOJIMMEpIIEp.

Mornekynanap upercu3 OyTakTap MEHEH YBIPMAJbILKAaH HHAKEMAYY YBIHXKBIP CTPYKTypalaphbl, anap
IpUTMENIEPAETH HOHJOP MEHEH 63 apa apaKeTTeHYY4Y IOJIMIIEKTPOIIUT.

[NonmakpunaMuIAuH 3aps THITBI3ABITE (MOHAYYIIYTY) jKaHa aHbIH MOJIEKYJANbIK caliMarbl ap KaHaal
Oomymry MyMKyH. OIIEHTHI, TOJIMMEP YbIHKBIPBIHIATHI 3apsiAThiH THITBI3ABITE Omen 100% ra weiinH,
aKpuIaMHz / aHHOHTYK MOHOMEPJICPANH KaTHIIIBIH ©3repTYY MEHEH JKeTUIIUIICT.
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[MonuakpunaMUIZIMH ~ MOJIEKYJAIBIK ~ calMarbl  PEakIWsSHbIH  HWHUIMATOPYHYH TYPYHO  KaHa
KOHIICHTpAIIMIChIHA JKaHA pPeaklus MapaMeTpiiepuHe Ke3 KapaHnbl. ATan aiTKaHla, MOIHAKPUIaAMHIUH
MOJIEKYJIaJIBIK canMarsl (8-cypeT) <2 MWIIHOHIOH 22 MIJUIHOH NalbTOHTA YeWHH; aHHOHAYK 3apsa - 0 meH
100% ra getinH.

CHz""'Cl:H —CHy —CH——t—
C=0 C=0
NH- O Na

= = m

8. HonuaxpunamudOur XumMusiblK my3yayuly

CyHyIl KBUIBIHTaH MOJIEITb aublK, JKaHa OyJl OHAYPYIUTY OHYKTYPYYHYH OapAbIK OacKeIYTapbIHAA aiinaHa
YeHPeHYH calaThlH CAKTOOI'0 MYMKYHIYK Oeper.
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